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Abstract
High performance cementitious composites (HP2C) are a new generation of fiber reinforced
cementitious composites (FRCC) with substantial improvements in mechanical behavior. The
most important development in these HP2C materials may be the nearly elasto-plastic ductile
behavior, which allows safe exploitation of the tensile and shear capacity in structural elements.
This thesis presents a comprehensive investigation into the ductility enhancement of HP2C
structures. Beginning at the micromechanical level, sources of ductility are examined and micro-
to-macro relations are derived from homogenization theory and fracture mechanics. These
micro-to-macro relations form the basis for a novel 3-D two-phase material model, which cap-
tures macroscopically observed behavior. Currently existing models which describe the me-
chanical behavior of FRCC are often micromechanical in nature. However, this macroscopic
approach permits one to model the mechanical behavior of HP2C in a continuous fashion, i.e.
through the various states of cracking in HP2C, while capturing - through the two-phase com-
posite structure of the model - the micromechanical sources of energy dissipation in the fiber
reinforced composite.
The 3-D model is implemented in a finite element program to simulate the behavior of two
HP2C applications: a flexural girder and a shear girder, which have recently been tested by
the FHWA. It is shown how the two-phase model aptly and accurately predicts the structural
behavior of HP2C. Next, a sensitivity analysis of the HP2C model parameters elucidates how
changes in HP2C mechanical behavior, observed at material level, manifest themselves at the
structural level. By setting limits on the permanent composite matrix strain, which accounts
for cracking in HP2C, one can set service limits on HP2C structures.
Hence, a comprehensive (micromechanical, macroscopic, and structural) method for the
assessment of the ductility enhancement of HP2C structures is presented. A significant scientific
benefit of this research is the HP2C model which links micromechanical processes to macroscopic
behavior and ultimately to structural behavior. This research also provides a design tool, that
is the finite element applicati6 n, which can be used to predict the behavior of HP2C structures
and suggest improvements in HP2C structural and material design.
Thesis Supervisor: Franz-Josef Ulm
Title: Associate Professor of Civil and Environmental Engineering
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Chapter 1
Introduction
1.1 Industrial Context
One of the primary challenges facing civil engineers today is the rehabilitation and replacement
of a deteriorating and inadequate infrastructure. Many structures, especially those built in
developed countries, are approaching or have exceeded their useful service lives. For example,
approximately 30% of bridges in the U.S. are structurally deficient or functionally obsolete [27].
However, bridge repair comprises just a fraction of the estimated $900 billion gap between
needed and existing infrastructure worldwide [38].
Presently, a new generation of fiber reinforced cementitious composites (FRCC), high per-
formance cementitious composites (HP2C), with enhanced mechanical, durability, and aesthetic
properties offer ideal high-tech/low-cost solutions for repair, retrofitting, and new construction
of civil engineering infrastructure. Possible uses of HP2C include bridges, tunnels, pavements,
nuclear waste barriers, etc., especially in severe environments (cold weather, marine environ-
ments). An example of HP2C is DUCTALTM made by Lafarge, shown in Figure 1-1 as a facade
panel application. These materials, which represent a technological leap for construction and
construction materials, possess remarkable properties:
" Compressive, flexural, and tensile strengths 3 - 7 times higher than normal concrete;
" An elasto-plastic ductile behavior - superior resistance in tension and bending after first
cracking;
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Figure 1-1: HP2C Panels for a Building Facade (ductal.com Web Site [241).
" Smaller section sizes which do not require secondary steel reinforcement, such as shear
reinforcement in beams;
" High workability for easier in-situ placement;
" Quasi-impermeability - low risk of carbonation and penetration of chlorides and sulfates;
" Negligible shrinkage and very low creep, which makes HP2C particularly suited for pre-
stressing applications.
The principal advantage of HP2C materials is their cost effectiveness. The price of HP2C is
$2000/M 3 compared to $150/M 3 for concrete and $5000/M 3 for steel. However, the economic
considerations in using HP2C should not be limited to the material itself. That is, when
considered in the context of a construction project, the use of HP2C instead of concrete or steel
can be economically advantageous:
* No passive reinforcement required: In addition to the savings in the cost of steel, design
and set-up costs of secondary reinforcement are eliminated;
" Lower weight and volume: Structures composed of HP2C can be 2 - 3 times lighter than
those composed of conventional concrete and as light as steel structures. This should also
translate into lower placement costs;
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Figure 1-2: Economic Benefits from Using DUCTALTAI (Lafarge [52]).
* Lower maintenance costs: HP2C structures, especially those situated in aggressive envi-
ronments, have environmental resistances and longevities superior to those of conventional
concrete structures.
A case study by Lafarge examined the potential cost savings of using HP2C instead of
conventional materials for the construction of a bridge [51]. The bridge was a 2 kilometer long
by 19 meter wide four lane bridge designed for automobile travel. Despite higher material costs,
the use of HP2C yielded almost a 19% project cost reduction with substantial savings in steel,
labor, equipment, and time costs. A chart which outlines the potential economic benefits of
HP2C structures over conventional concrete structures is given in Figure 1-2 [52].
With enhanced mechanical, durability, and especially economic features, HP2C materials
hold a great deal of promise for advancing cementitious material applications in the construction
industry, propelling the restoration and modernization of the world's infrastructure. For exam-
ple, in the U.S. alone, the concrete construction market is estimated to be $8 billion/year [12].
Therefore, HP2C materials represent an important breakthrough for addressing civil engineer-
ing challenges.
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Man-
Material Ratio Mass/Volume
Cement 1 713 kg/M 3
Silica Fume .325 232 kg/M 3
Ground Quartz .3 214 kg/M 3
Fine Sand 1.43 1019 kg/M 3
Steel Fibers .275 196 kg/M 3
Superplasticizer .018 43 kg/M 3
Water .2 143 kg/M 3
Table 1.1: Mix Design for DUCTAL.
1.2 Characteristics of HP2C
The design of HP2C materials is based upon the optimization of the density of the cementitious
matrix [22] and the length-diameter spectrum of the reinforcing fibers [73]. The optimization of
the HP2C density is achieved through the precise selection of the granular mix, high-efficiency
superplasticizers, and pozzolanic additives [17]. Optimization of the packing density has re-
sulted in drastic reductions in the total porosity of the material which in turn yields extremely
high strengths and excellent durability.
A typical HP2C mix-composition gives a mean 28 days cylinder compressive strength of 180
- 220 MPa, and a ductile tensile strength of 10 - 25 MPa. Among the first industrial applica-
tions of HP2C are Reactive Powder Concretes [68,69], which are now known as DUCTALTM
materials. The mix design for DUCTALTM is shown in Table 1.1. A fragment of DUCTALTM
is pictured in Figure 1-3, exhibiting its high fiber content and random fiber orientation.
1.3 Research Motivation
The considerable economic advantages provided by HP2C over conventional concretes stem
primarily from its ductility, the increase and maintenance of stress carrying capacity after
cracking. HP2C has considerable tensile strength increases over conventional FRCC. However,
without its ductility, the tensile strength of HP2C cannot be exploited in a meaningful and safe
manner. Therefore, the ductility, shown after an effective flexural stress of 28 MPa in Figure
1-4, allows for the elimination of secondary steel reinforcement, such as shear stirrups in beams
or even possibly steel reinforcement in columns, which translates into dramatic material, labor,
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Figure 1-3: A Fragment of DUCTALTM.
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Figure 1-4: Comparison of the Flexural Strengths of HP2C (Ductal) and Conventional Concrete
(HPC) (imagineductal.com Web Site [37]).
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equipment, and time savings.
Although it is clear that the ductility in HP2C exists, this research aims to answer the why
and how. Why does this ductility in HP2C exist?; and how do we exploit these improvements in
ductility on a structural level? This examination addresses these questions in a holistic manner,
beginning with a micromechanical investigation, following with a material parameter study, and
finishing with a structural analysis.
1.3.1 Research Objectives
To address the engineering science challenge, a comprehensive solution comprised of theory/modeling,
experimental validation, and computer simulation is presented. This solution will explore HP2C
ductility at the micromechanical level, the material level, and the structural level in order to
manage three main research objectives:
Objective 1: Determine the sources of ductility at the micromechanical level
The sources of HP2C ductility can be traced to the micromechanical level, even the inter-
action between a single reinforcing fiber and the matrix which encases it. To this end, a fiber
pullout model is employed to identify the fundamental differences between normal FRCC mate-
rials and HP2C which account for HP2C ductility. Next, the aggregate effect of the reinforcing
fibers and cracks in the cementitious matrix are examined to quantify how micromechanical
processes are manifested at the material level. Thus, the link between the micromechanical
properties of HP2C components (i.e. reinforcing fibers, cementitious matrix, and cracks in the
matrix) and the material behavior of HP2C is elucidated. In this way, one may ascertain the
micromechanical input parameters which govern the ductile behavior of HP2C materials.
Objective 2: Develop a material model for HP2C-type materials
A constitutive model for HP2C is presented. This HP2C model is capable of reproducing
the observed material behavior of HP2C in 1-D and 3-D. Although this is a macroscopic model,
it is based on micromechanical processes. The model is particularly appropriate for capturing
the ductile behavior of HP2C. Then, by using FRCC and HP2C experimental data, ductility
at the material level is quantified. Furthermore, these mechanical models are implemented in
computer applications which will serve as learning tools for students and engineers.
Objective 3: Assess ductility at the structural level
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Figure 1-5: A Comprehensive Solution for the Examination of HP2C Ductility.
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The main purpose of the HP2C model, however, is its implementation in a finite element
program. With this finite element program, one can simulate the behavior of HP2C struc-
tures. Conversely, using the finite element program, one may deduce the material behavior of
HP2C from structural experimental data. Finally, the structural simulation is used to exam-
ining the effect of HP2C ductility on the structural behavior through a sensitivity analysis of
ductility parameters. This provides insight into how HP2C ductility can be used for structural
improvement.
In this way, a comprehensive micromechanical-material-structural solution for HP2C duc-
tility modeling is shown. This comprehensive approach is diagrammed in Figure 1-5. Specific
industrial and scientific benefits include guidelines for the efficient design of HP2C materials, an
HP2C constitutive model for modeling the tensile behavior of HP2C, and computer simulations
which will predict material and structural behavior and present possible improvements for the
design of HP2C structures.
1.4 Outline of Thesis
This work is divided into nine chapters, examining HP2C ductility in a step-by-step process,
starting with the micromechanical behavior, moving on to the material behavior, and finishing
with structural simulation. Chapter 2 begins this examination at the micromechanical level.
This chapter outlines previously developed models and theories on fiber pullout, especially
considered at the point of pullout capacity. In this way, one can achieve greater insight into
the mechanisms which promote ductility in these materials. Reexamination of these pullout
model yields different length scales related to fiber-matrix interaction: an elastic embedment
length, an anchorage length, a radial influence zone, an optimal fiber radius, and a frictional
embedment length. These length scales offer general guidelines for the effective design of FRCC
materials, particularly with regard to fiber content and fiber geometry.
Chapter 3 examines the link between the micromechanical behavior and the material behav-
ior. In addition to examining previous work on this subject, this micromechanical-material link
is studied for HP2C-specific behavior. In particular, the combined effect of the matrix cracking
and fiber pullout on the material behavior is examined using different cracking schemes.
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Chapter 4 presents a 1-D constitutive model for FRCC and HP2C. This model is a two-phase
model based on the material composition with one-phase representing the matrix, the other the
reinforcing fibers. In addition, the matrix-fiber interaction, as examined in the micromechanical
study, is taken into account as internal cross-effects between the irreversible deformations of
the composite constituents. The energy states and energy transformation is studied which
ultimately leads to an elucidation and quantification of the improvement in ductility offered
by HP2C. This model is applied to experimental data on HP2C and FRCC to demonstrate
material improvements in HP2C over FRCC.
In Chapter 5, this 1-D constitutive model is then extended to 3-D by replacing the scalar
quantities in the governing equations by their tensorial counterparts and replacing the 1-D
loading criteria with 3-D yield criteria. The energy study of the previous chapter is expanded
to examine HP2C ductility in 3-D. Next, a method for determining the 3-D model parameters
is presented. In this way, experimental data can be used to calibrate a practical HP2C 3-D
model. Chapter 6 applies the HP2C models i computer programs. First the 1-D and 3-D
models are employed in load-point simulation programs coded in Java. These programs show
how the material parameters affect the mechanical behavior of these materials. Next, the 3-D
model is implemented in a finite element program. The program is then verified for consistency
and stability with respect to the analytical models and mesh size to demonstrate the viability
of this finite element implementation.
In Chapter 7, the finite element program is used for structural simulation. The effective-
ness of the model and finite element program is validated with experimental data, including
a bending test and a shear test. Size effects in HP2C material behavior are also investigated
with small scale beam tests. The potential of the inverse analysis is also shown where material
parameters are deduced from experimental structural data. Next, in Chapter 8, the effect of
HP2C ductility on structural behavior is studied. The ductility enhancement, which is con-
trolled at the micromechanical level and designed at the material level, manifests itself at the
structural level. The potential structural uses of HP2C ductility are explored with a sensitivity
analysis of ductility parameters.
Chapter 9 summarizes the results of this project, particularly the scientific findings. Finally,
suggestions for further research are provided.
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Part I
MICRO-TO-MACROSCOPIC
DUCTILITY ENHANCEMENT
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Chapter 2
Micromechanical Sources of
Ductility
This investigation into ductility begins at the micromechanical level, that is the scale of an
individual fiber, the matrix which encases this fiber, and their interaction through the matrix-
fiber interface. Ductility is rooted in a material's capacity to dissipate energy, particularly
after energy dissipation has initiated, i.e. sustained energy dissipation. In terms of FRCC and
HP2C materials, ductility is centered around the material's capacity to exploit its dissipative
mechanisms after cracks begin to form in the matrix. This includes, fiber yielding, fiber pullout,
multiple cracking in the matrix, etc. Using various fiber pullout models, these dissipative energy
sources are explored in this chapter.
2.1 The Fiber Pullout Model
The loading and pullout behavior of a single fiber is usually modeled from known parameters,
including the material behavior and geometries of the fiber, the matrix, and the matrix-fiber
interface. These fiber pullout models often assume that through the elastic loading phase,
the fiber and matrix are bonded by the interface, which transfers stresses from the fiber to the
matrix. Assuming the fiber and matrix have not failed, an interfacial crack forms and propagates
creating a debonding zone as the load increases. This is depicted in Figure 2-1. Shear stresses
can also be transferred through the debonding zone through frictional stresses. When the fiber
28
Figure 2-1: Interface Failure at the Crack Face (Li et al. [59]).
becomes fully debonded, the fiber begins to slip as the imposed deflection increases. As slip
increases, the fiber-matrix contact zone decreases. This causes the load transfer capability to
decrease.
There are three distinct phases in the loading and pullout of the fiber: the elastic stage,
fiber debonding and/or yielding, and the fiber slip stage (if any). The first two phases will be
considered using dimensional analyses of various FRCC models. Two aspects in particular will
be examined: transfer of elastic stresses along the fiber-matrix interface, and onset of FRCC
yielding or failure. One of the most common micromechanical systems for fiber pullout studies
is the three-body model introduced by Budiansky et al. [10], shown in Fig. 2-2. This fiber
loading model assumes that the fibers are aligned and regularly distributed in the matrix. The
free body is composed of a fiber (radius rf) and a matrix layer, separated by an interface layer
of finite thickness e = R* - rf. Let P = -f Af be the normal stress resultant at the free end of
the fiber (or fiber force) over the fiber section Af = 7rrf, the average longitudinal fiber stress,
and ro the shear stress at the fiber perimeter at r = rf. Elementary force equilibrium over a
fiber element of length dz gives:
duf 2-r (2.1)
dz rf
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Figure 2-2: Budiansky's Three-Body Matrix-Interface-Fiber System [10].
and the momentum balance in the matrix reduces to:
da, d(r,)
dz dr
(2.2)
with um = az2 the longitudinal stress in the direction of the fiber alignment, and Tm = azr
the shear stress. In the interface zone r E]rf, R*[, the longitudinal stress is assumed to be zero,
which requires that the shear stress decreases with 1/r, i.e. from integration of the last term
of (2.2), rm(r, z)/ro(z) = rf/r.
With Eqs. (2.1) and (2.2) in hand, the various fiber loading models differ only in the
constitutive law applied for the three components of the three-body system. This scheme is
depicted in Fig. 2-3.
2.2 Length Scales of FRCC
In this section, fiber pullout models used by various researchers are reviewed and investigated
using assorted mathematical schemes including dimensional analyses and variational methods.
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Figure 2-3: Three-Body Matrix-Interface-Fiber System (Lim et al. [63]).
These mathematical schemes provide length scales related to intrinsic material behavior. These
length scales reveal the sources of HP2C ductility improvement over FRCC as well as suggest
guidelines for the efficient design of FRCC and HP2C.
2.2.1 Elastic Embedment Length
The elastic load transfer from the fiber to the matrix requires a certain embedment length. It
is generally assumed that the shear stress at the interface obeys an elastic interface constitutive
relation of the form [4]:
ro(z) -ks[[w] = k8(wf(z) - wm(z)) (2.3)
where [[w] = wf (z) - wm(z) is the displacement between the fiber (subscript "f ") and the
matrix (subscript "m"). The slip modulus, k, (of dimension [ks] = MT- 2 L- 2 ), is defined to be
the shear stress per unit of displacement between the fiber and matrix. An estimate of this slip
behavior has been given by Budiansky et al. [10], by assuming a continuous elastic behavior of
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the matrix constituting the interface zone:
Ow(r, z) Tm(r, Z) _To(z) rf
r Or 2rz - - - (2.4)
where pm Em/2(1 + vr) is the shear modulus of the matrix, -r is the shear strain in the
interface zone, Em the Young's modulus of the matrix, and vm the Poisson's ratio of the matrix.
Integration over r, with the boundary conditions w(r rf, z)wf(z) and w(r = R*, z) = wm(z)
yields the slip modulus:
ks = m (2.5)
rf in
To simplify the model, Budiansky equates the shear stresses generated in the matrix to an
interfacial layer comprised purely of a shear stress equal to the maximum interfacial shear
stress, TO. In this way, Budiansky et al. provide an estimate for the thickness of the interface
zone [10]:
1n(R*I\f) = 2ln cf + cm(3 - cf) (26)
n(*/rf) 4c(
where cf and cm = 1 - cf respectively denote the volume fractions of fibers and matrix in
the composite. For FRCC and HP2C the maximum fiber volume ratio is often restricted to
cf = 1 - 5% in order to maintain reasonable workability. Applying this to (2.2) gives:
R*/rf =2.5 - 5 (2.7)
This shows that the thickness e of the interface zone in FRCC and HP2C is typically on the
order of 2-4 times the fiber radius. The small values of the interface thickness, e is on the order
of .5 mm, justify a posteriori the lumped interface behavior (2.3) for the purposes of modeling.
This reduces the three-body system to a two-body system separated by a (fixed) surface of
discontinuity, where the displacement is discontinuous, but the shear stress is continuous, i.e.
Tm(r = rf) = To.
For this two-body elastic system, combining (2.1) and (2.3) yields:
d 2c- 2ks 2k (2.8)
dz2 rfEf rf
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where an elastic fiber behavior is assumed, Ocf = P/Af = EfOwf/Oz, with Ef denoting the
elastic modulus of the fiber. e(z) = (OWm/z)r,=,f is the longitudinal strain on the matrix side
of the interface, which is zero at the crack face, i.e. e(z = 0) = 0, and increases along z due
to the fiber-matrix stress transfer over the common interface, until the strain in both matrix
and fiber have the same value. Without solving Eqs. (2.8) and (2.2), by applying appropriate
boundary conditions, it appears that the elastic stress transfer into the matrix is governed by
a characteristic length:
Srf Ef Ef ln(R*/rf) (2.9)
eS 2k5 cxr
The illustration is straightforward by considering a linear transform of the spatial coordinate
z = (5z, where z =0 (1) -+ J = z/.f. Using (2.8) gives:
2 ,7f= U f - E f E (2 .1 0 )
Inspecting the previous equation for (2 >> 1 shows that the fiber strain far from the crack face
reaches the same value as the matrix, indicating a perfect elastic slip-less behavior of composite:
62 >> 1 -+ z > a': = Ef E' *-+ E0 m _ &Wf (2.11)
As it is well known from homogenization theories of composite materials, this strain compati-
bility represents a maximum elastic energy state, as both matrix and fibers deform in the same
way, and can be considered as an optimized composite behavior.
Conversely, for 62 > 1, according to (2.1) and (2.10), the embedment length is too small
to transfer stresses from the fiber into the matrix. In between these limit cases, the length f,
given by (2.9) defines a minimum required embedment length for an elastic stress transfer of
fiber stresses bridging a crack, requiring a minimum fiber length Lf, typically:
Lf/2 > 4 - 5 X fe+_ 62 = 16 - 25 > 1 (2.12)
This is demonstrated in Figure 2-4 where the interfacial shear stresses induced by pullout
approach zero at a distance 4 - 5 x f, from the crack face [10, 54]. For FRCC and HP2C,
typical values of fiber and concrete material parameters, summarized in Table 2.1 (values from
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Figure 2-4: Normalized Interfacial Shear Stress (ro(z)/To(O)) vs. Normalized Distance from
Crack Face (z/f,). Expression for Shear Stress Provided by Leung and Li [54].
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Steel Fiber
Tensile Strength, o-fu 500 -1200 MPa
Tensile Modulus, Ej 200 GPa
Radius, rf 0.1 - 0.5 mm
Total Length, Lf 15 - 40 mm
Embedment Length, Lf /2 7 - 20 mm
Normal Strength Concrete
Fiber Volume Content, Cf 1 -3%
Tensile Strength, m 2 - 5 MPa
Shear Strength, rm. 2 - 5 MPa
Interface Bond Strength, T 2 - 7 MPa
Interface Friction Strength, Ti 1 - 5 MPa
Tensile Modulus, Em 20 - 25 MPa
Shear Modulus, Am 10 - 15 MPa
Interface Fracture Energy, 1i 6 - 22 J/m 2
High Strength Concrete
Fiber Volume Content, Cf 3 - 5%
Tensile Strength, am, 7 - 20 MPa
Shear Strength, Tmu 7 - 20 MPa
Interface Bond Strength, rm 7 - 15 MPa
Interface Friction Strength, T. 1 - 10 MPa
Tensile Modulus, Em 40 -60 MPa
Shear Modulus, Am 20 - 25 MPa
Interface Fracture Energy, Li 25 - 100 J/m 2
Table 2.1: Typical Values of Fiber and Concrete Material Parameters.
[40,44,51,63,74,77]), are cf = 1 - 5%, rf = 0.1 - 0.5 mm, Ef = 200 GPa, pm = 10 - 15 GPa
for FRCC and pm = 20 - 25 GPa for HP2C; thus
s _ Ef ln(R*/rf) 
-2-4
22 - 4
(2.13)
Hence, a minimum fiber length to fiber radius ratio on the order of Lf /rf > 16 - 40 is required
to ensure an optimized elastic stress transfer in cementitious composites. This is generally the
case, given typical fiber lengths employed for FRCC and HP2C, for which Lf /rf - 30 - 150.
In this section, the fiber length was optimized for strain compatibility. This, however, is
only a consideration for pure elasticity. At pullout failure, the fiber should be designed with
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Figure 2-5: Possible Stress Profiles in the Fiber and the Interface at the Point of Fiber Yielding.
regard to yield or failure criteria. This is addressed in the subsequent sections.
2.2.2 Anchorage Length - Stress Criterion
The elastic stress transfer from the fiber to the matrix is restricted by the strengths of the
composite components, fiber, matrix, and interface. As a first approach, consider only the
strength of the fiber and interface, by introducing, in addition to the equilibrium condition
(2.1), the following strength criteria:
af - Ocfu 0; To - Tu < 0 (2.14)
where the subscript "u" denotes the yield capacity. For the sake of simplicity, assume a rigid-
plastic behavior for the fiber, matrix, and interface in this and subsequent analyses in this
chapter. This should be acceptable for this study which is concerned with orders of magnitude,
not exact values.
This is roughly along the lines of assumptions that led Kelly [46], to the derivation of a
critical embedment length fa:
a - ufurf (2.15)
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To reveal its physical significance, it is useful to rederive Kelly's length scale from the first
principles of dimensional analysis [8], by introducing the following linear transformations of all
parameters and functions involved in (2.1) and (2.14):
z = Zz';
To = To';,
rf = Rf ruf;
Orfu = Efs'5;
0-f = f'
'U = TU'
where z', r', 0', a ', To'f, and T' are the dimensionless counterparts of parameters z, rf, O-f TO, Ufu,
and Tr of dimension Z, Rf, Ef, To, Efu, and T. Use of (2.16) in (2.1) and (2.14) yields:
Rf> f G-'f 2T'O
ZTo Oz' r'
Ef -' f-o-'g,<0; T'- ' <0
Dimensional homogeneity requires of these two equations:
Ef To Rf Ef
Efu TU ZT
and leads to the identification of the following parameters:
(2.17)
(2.18)
(2.19)
r - -f - ;
-fu Of u
7r2 - -- ;
TU 7,
(2.20)7r3 -fz - 1
r~f f/ro
Since invariants can always be redefined as product and power functions of previously identified
parameters 7r1, 7r2, and ir 3 , one may choose the following:
afu
TO
T -
- 1Z = r 1712r2 3 = -fa
where the gauge length normalizing the z-coordinate is Kelly's critical length scale, fa, given
by (2.15). Proceeding as in the previous subsection, let 2z = Laz with 0 (1) <-+ J = z/L
in (2.1) and (2.14):
j-1 0; T -1 < 0 (2.22)
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(2.16)
(2.21)
do-5
The dimensionless forms in (2.22) indicate that the maximum stress transfer occurs for
S = 1, for which the strength capacity of both fiber and interface can be activated. In turn, for
> 1, T = 0; this implies for long fibers Lf/2 > fa, that the composite behavior is dominated
by fiber yielding, confining anchorage effects into small zones at the crack face over a length
fa. This is shown in Figure 2-5, and is similar to steel bar reinforcement of reinforced concrete
structures, in which the anchorage length of the bar is short in comparison to the entire bar.
Conversely, for 6 < 1, associated with short fiber lengths Lf /2 < fa, the composite behavior is
dominated by interface strength restrictions, with a negligible fiber stress gradient &o7f/az -+ 0.
For normal strength FRCC (Table 2.1), Kelly's critical length is on the order of:
FRCC: La = 50 - 150 mm (2.23)
This indicates that the most common failure mode of FRCC with typical fiber lengths Lf < 40
mm < 2fa, will be fiber slippage and pullout, not fiber rupture, as the critical anchorage
lengths are rarely achieved. This implies that the strength of the fibers is underutilized, and
fiber slippage occurs before a significant fraction of the fiber strength is activated. One way to
address this problem is to use hooked fibers. Alternatively, one could employ lower strength
fibers with strengths o-fu - 100 MPa to better suit the low bond strength of normal strength
concretes.
However, for HP2C (Table 2.1):
HP2C: La = 10 - 40 mm (2.24)
This is a better material match for typical fibers lengths employed in HP2C, as Lf /2fa ap-
proaches unity. Therefore, the amount of energy in HP2C, which can be dissipated by both
fiber slippage and fiber yielding, is larger than in FRCC, and contributes to the enhanced
ductility property of HP2C. In the case of HP2C, hooked end fibers would not be necessary.
2.2.3 Radial Influence Zone
To this point, the restricted matrix strength domain has been disregarded. Supporting this
assumption is the fact that the shear is maximum at the interface, and restricted through
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Figure 2-6: A Matrix-Fiber Two-Body System and Related Stress State in the Matrix.
introduction of strength criterion (2.14). However, one may argue that the stress in the matrix
is not a pure shear stress state, but involves, at least, a longitudinal stress Urn = zz and a shear
component Tm = Uzr. This scheme is depicted in Figure 2-6 as a two-body system comprised
of the matrix and fiber. When these stresses reach the strength of the matrix, failure may not
necessarily be initiated at the interface, but at a certain distance from the fiber in the matrix.
To evaluate this effect, consider as governing equations the equilibrium relations (2.1) and (2.2),
together with the condition of stress continuity at the fiber-matrix interface:
(2.25)
and in addition to strength criteria (2.14), a tension cut-off criteria for the matrix, reading:
(2.26)
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Tm(z)
r = rf; Tm(rf) = To
-#+ (U+Tm2 - <O 0
. , ,
Here, c-mu is the tensile strength of the matrix modeled in a rigid-plastic manner. In addition
to the invariants (2.20), dimensional homogeneity of the whole set of equations allows the
manipulation of the following additional invariants:
mrr r Tm rU Tm
7r4 - , F5 - 7r6 - , 77 - , 8 =(2.27)TmZ rf 70 Umu omu
With similar dimensional arguments as previously employed, recombining invariants (i.e., z =
Z/la = rl7ir2 1 7r3/2, or i = z/la = r17r37r67 1/2), Kelly's critical length scale for plastic anchor-
age remains highly relevant, but now depends on the bond-strength-to-tensile-strength ratio
P = Tu/U mu = 7r2 6 i18:
La = max ;furf afurf (2.28)
Tu Umu
It is obvious that if the bond strength TU is different from the matrix tensile strength -mu,
it will be the lower strength which will determine the minimum required anchorage length La.
For p = Tu/fmu < 1, L reflects the critical anchorage length required for a simultaneous fiber
yielding and plastic interface sliding, while for p > 1, the interface will behave elastically, as
the failure mechanism will occur in the matrix in a zone close to the interface.
Furthermore, it is instructive to inspect (2.1) and (2.2) at the length scale of fa, by consid-
ering the dimensional transform 2z = La7. For p > 1, considered in conjunction with (2.25),
the following dimensionless forms of (2.1) and (2.2) are obtained:
-Tm(r); fm = Tm (2.29)
82 o-mu
d=m -- fu + Tm U = - ,rn r (2.30)
dz 2 ormu d- r Omu rf
We note for large values of ofu/amu, that Tm still decreases with 1/, from a maximum value at
the fiber-matrix interface, irrespective of the longitudinal stress distribution in the matrix. This
stress distribution will only be affected by the radial shear stress distribution when inspecting
the matrix behavior on a radial length scale on the order of r* = rf afu/2o-mu, for which (2.30)
reads:
do = -1- + 
-m r 2rmu (2.31)
d-z 2 ( d r* T * T* rf0fu
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Figure 2-7: Fiber Spacing in a Representative Cylinder.
For typical values of FRCC and HP2C (Table 2.1), p ~ 1, the radial length scale is on the same
order of the half the plastic anchorage length, i.e. r* ~/2, thus:
FRCC: r* = 25 - 75 mm; HP2C: r* = 5 - 15 mm (2.32)
This length scale represents the matrix radial zone which will be at its yield capacity
when the pulled out fiber is at its yield capacity. How this length scale affects the mechanical
performance of the composite material depends on the average spacing of fibers in the composite,
which can be estimated using a representative composite cylinder such as the one shown in
Figure 2-7. A cylinder comprised of the matrix has a radius C and a length (Lf + 2C) which
encapsulates a fiber of radius r1 and length Lf. To achieve fiber volume fractions between 1
- 5% requires a composite cylinder radius between 2 - 5 mm (using typical fiber dimensions).
The distance between neighboring fibers typically ranges between 2C = 5 - 10 mm.
Hence, for FRCC, for which C < r*, the matrix failure area is larger than the matrix
encapsulation region. This suggests that the yielded matrix area for one matrix will grow into
another matrix encapsulation region. As matrix failure is often represented as cracking, this is
akin to cracks formed from tension loading coalescing to create one through-crack before large
stresses develop in the fibers.
By comparison, in HP2C, C and r* are on the same order of magnitude. This suggests that
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Figure 2-8: Debonding of Fiber from Matrix.
there is sufficient matrix tensile strength to induce high stresses on the order of the fiber yield
strength in the bridging fibers. This may account for the yielding observed in fibers from failed
HP2C tensile or bending specimens.
2.2.4 Optimal Fiber Radius
When transverse cracks begin to form in the matrix, the fibers bridge these cracks. If the
matrix and reinforcing fibers have not failed, an interfacial crack may form between the fiber
and the matrix, which can lead to debonding and pullout of the fiber and ultimately the failure
of the composite. This process can be represented by the interfacial debonding model shown
42
z
Matrix
Displacement
U2
- U2
Fd
7-A
in Figure 2-8.
In this model, a fiber is pulled out under a longitudinal force of Fd from a representative
matrix cylinder of height h and radius R. At the pulled end of the fiber, a debonding zone
of length i has formed. In the bonded regime of the fiber, z > f, the fiber and matrix share
the same displacement field, which is approximated to develop linearly from 0 to U2. In the
debonding zone, z < f, no stresses are transferred from the fiber to the matrix. In this way,
the fiber displacement evolves under the load from U2 to U1 while the matrix displacement is
constant at U2 . That is, frictional stress transfer is ignored in this simplified first-approach
solution. The chosen displacement field is kinematically admissible (satisfies the displacement
boundary conditions), which allows us to solve for an upper bound value for the pullout stress
in the fiber, P, at debonding. The potential energy Epot( ') of the system is as follows:
(R2 - r) (U r
spot( ') - 2(h - ) m 2pi)(ui - u2 )2  (2.33)
+ f (Af + 2pf)U2 Fn+ 2(h - f) 2 - dul
where A and p are Lame's material constants. Also note:
Em(1 -- in)
Am + 2pm = - EV)(1 v) (2.34)(I - 2vm)(i + vm)
Minimizing the potential energy with respect to ui and u2 provides a solution for the minimum
potential energy, and ultimately to the energy release rate, F, which upon fracture propagation
is equal to the fracture energy of the interface, Fi:
= -pp" < (2.35)
a(27rf ) -
One can then solve the macroscopic stress at fiber pullout E = Pcf:
yi (A1 + 2pf) [(1 - c1 )n + CA (2E < 2cf (2.36)
rfr7(1 - cf)
where q = (Am + 2pm)/(Af + 2pf). This solution, based on a simplified kinematically admissible
displacement field, is similar to the cracking stress solved by Aveston and Kelly [5] and later
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by Budiansky et al. [101. However, Budiansky used a three-body system taking into account
the shear stresses in the interface zone1 .
Fig. 2-9 compares the derived solution (2.36) to Budiansky's solution plotting the nor-
malized macroscopic stress, Z =E(rf/EfFi)1/2, versus fiber volume ratio, cf. Comparing the
solution given by Budiansky and the solution provided in this section shows that the three-body
system exhibits similar behavior as the two-body system, particularly at typical fiber volume
ratios of FRCC. This confirms the relevance of the two-body system. Solution (2.36) is similar
to the one derived by Stang and Shah [77], based on the compliance method and on uniaxial
matrix and fiber behavior which neglects Poisson effects in the elastic response of matrix and
fiber.
Last, an obvious use of the size dependency of the fracture solution (2.36) is to derive
a limiting radius for the fibers [4], which ensures an ideal failure of the composite; that is
a simultaneous failure of the fiber in yielding and failure of the interface though debonding.
Substituting the yield strength of the fiber o-f, into the fiber pullout stress P = E/cf reveals
Budiansky's solution describes the cracking stress for an FRCC material reinforced with infintely long, evenly
spaced fibers. The steady state cracking stress E"' for a crack propagating perpendicularly to the applied stress
is limited by the fracture energy of the cementitious matrix, rm:
1 J00 [Cf (U _0D )2 + Cm (,U -D )2] dZ +
c CIOoR* D2
_. 27rrdrdz = CMaM2r f 1-co r r
where the "U" and "D" superscripts denote the upstream (behind the crack tip) stresses and downstream (in
front of the crack tip) stresses. The component stresses are described by:
D - U CMU pIZI/r D UOlf-o, -r. exp , OmOm= Cnx
D ZPcCM pz\/r U ET __ or.exprn Ec
where
PC-cmEmEf ln(J? /rf)
Combination of the previous three equations yields the following solution for the cracking stress:
rcr _ CfEfEcmPc
riEm
which shows a close relationship with the pullout stress given in Eq. (2.36).
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Figure 2-9: Comparison of the Simplified Two-Body Displacement Solution with Budiansky's
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an optimal fiber radius:
4I (Af + 2[Lf) [(1 - cf)/ + cfj
f77(1 - cf) (2.37)
At this optimal fiber radius, simultaneous interface debonding and fiber yielding will occur. For
typical material values:
FRCC: r , = 0.005 - 0.14 mm; HP2C: rf0 = 0.02 - 0.5 mm (2.38)
In most cases, rf > rf0 for FRCC implying fiber debonding will occur well before fiber
yielding occurs. Therefore FRCC materials are not designed efficiently to dissipate energy
through simultaneous fiber yielding and interface debonding. By contrast, HP2C materials
have fiber radii of the same magnitude as the optimal fiber radius, rf - rf0 . As a result,
HP2C materials are better designed to dissipate energy through interface debonding and fiber
yielding, which can account for the improved ductility properties of HP2C.
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2.2.5 Anchorage Length - Fracture Criterion
In the previous section, any residual friction at the interface after debonding was ignored. This
gives an estimate of the debonding capacity which is independent of the length of the fiber.
However in some cases this friction can play a significant role in the debond resistance of the
system [54]. The residual friction stress is symbolized in Fig. 2-10.
To solve the effect of interface friction on the system, the pullout model of the previous
section is utilized (see Fig. 2-8). However, frictional shear stress is applied along the debonded
interface. If one considers the friction as a constant external stress acting on both the fiber and
the matrix, the potential energy (2.33) can be rewritten:
7r(R2 - r2) 2 rr 2
S 2(h- ,) m- 2pm)U2 + 2 (Af + 2pf)(u - 2)2  (2.39)
irr2
+ 2(h - f) (Af + 2tf)u2 - Fu 1 +- rie7rrf (u, - U2)
where -r represents the frictional shear stress at the debonded interface. Tj is similar to r
given in (2.14) but represents a interface shear resistance which may be different from the
ultimate shear resistance for an intact fiber-matrix bond. Following the procedure outlined in
the previous section, a solution is achieved for Li/rf:
Ti f 2 4Tj j 4; T (Af + 2pf) (1-c
- -- 1 (2.40)
U r 3-fu rf 3rfafr 3[(1-cf)+cf
or alternatively:
Li_ 4 Ufu + 3171 (Af + 2pf) 3(1 - cf) (2.41)
r- 3T- rf 0 4[(1 - cf) + c]
where Li is the frictional embedment length, representing the critical fiber length above which
the pullout failure mechanism evolves from interface debonding to fiber yielding. Note that
while (2.41) can give fi/rf ratios smaller than zero, these have no physical basis. This simply
implies that the fiber yields before any debonding occurs during fiber pullout.
If the interface friction is extremely insignificant with respect to the yield strength of the
fiber, Ti/afu -+ 0, Eq. (2.40) is clearly equivalent to (2.36). Conversely, Eqs. (2.40) and (2.41)
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demonstrate that if the interface friction is significant and the debonded length of the fiber is
larger than the frictional embedment length, fi, friction at the debonded interface can increase
the debond resistance of the pullout system, inducing fiber yielding. This, of course, would
require that the length of the fiber was large enough to sustain a debonding length equivalent
to the frictional embedment length, Lf/2 > fi.
This solution shows that for significant friction at the debond interface, an enhanced com-
posite material design can be achieved through manipulation of the fiber length/radius ratio. In
other words, ideal failure, i.e. maximum energy dissipation, would dictate debonding occurring
first along most of the fiber length. As the interface friction accumulated, additional debonding
would be suppressed causing fiber yielding. Therefore, an ideal fiber length for this sequential
mixed mode failure would be:
Lf/2 ~ f (2.42)
Furthermore, for mixed mode failure, debonding would have to occur before fiber yielding:
rf > rfo (2.43)
as given in (2.37). Applying this new length scale to real material values gives:
FRCC: Li = 6 - 170 mm; HP2C: Li = 0 - 60 mm (2.44)
The lower bound values of fi show that both materials are capable of achieving the critical
friction embedment length, Lf/2 > i, but are also susceptible to pure debonding failure,
Lf /2 < Li, for the upper bound values of Li. HP2C, as shown in (2.44) and (2.38), is especially
prone to pure fiber yielding, as rf > rj0 . In the case of significant friction along the debonded
interface, this may not be the most efficient use of materials, especially for very long fibers.
That is, it is theoretically possible that fiber lengths in a matrix-fiber composite could be too
long. In fact, in the case of fibers which fail by rupture in a brittle fashion, this sort of failure
could adversely affect the overall ductility of HP2C materials [62]. Nonetheless, it appears that
HP2C is most suited to sequential mixed mode failure.
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Length Scale FRCC HP2C
Typical Length (mm) Typical Length (mm)
Elastic Embedment .5 - 1 .5 -1
Anchorage Strength 50 -150 10 - 40
Radial Influence Zone 25 -75 5 - 15
Optimal Fiber Radius .005 - .14 .02 - .5
Frictional Embedment 6 - 170 0 - 60
Table 2.2: Typical Values of Length Scales.
2.3 Discussion of the Micromechanical Length Scales
The five length scales which are likely to affect the mechanical performance of fiber reinforced
cementitious composites are summarized in Table 2.2. These length scales are related to the
transfer of elastic stresses, the anchorage of fibers, the radial influence zone, the optimal fiber
radius, and the frictional embedment length, and may serve as guidelines for the optimal design
of FRCC and HP2C materials:
" The fiber lengths in FRCC are often insufficient to satisfactorily prevent interface failure
and fiber pullout before the maximum capacity of the fibers are achieved. Therefore the
fibers in these materials are overdesigned. The use of hooked fibers or lower strength
fibers could improve this mechanical problem, but may induce unwanted side effects, such
as mixing problems. In contrast, HP2C materials can often achieve simultaneous interface
failure/fiber yielding (without the use of hooked fibers) - a more efficient use of materials.
" The radial influence zones of fiber pullout in FRCC are much larger than the average
distance between fibers. Therefore, only small fiber stresses can develop in the fiber before
through-cracks induce failure of a FRCC specimen loaded in tension. This represents an
underutilization of fiber strength. By comparison, the loading of HP2C tensile specimens
can often cause high tensile stresses in the fiber on the order of the fiber yield strength.
This may partially account for the improved ductility behavior of HP2C.
" The radii of fibers in FRCC are often too large to achieve simultaneous debonding/yielding
of fibers. Therefore, fibers debond and are pulled out of the matrix well before the strength
capacities of the fibers are utilized. This is not the case in HP2C which has fiber radii
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of the same magnitude of the optimal fiber radius. This may induce simultaneous fiber
yielding/debonding in HP2C.
* The friction at the interface can be utilized to promote a very ductile mixed mode failure:
debonding of the interface which evolves into fiber yielding. HP2C materials may be more
suited to this sequential mixed mode failure.
In this way, HP2C seems a better suited match of two materials and their interaction. Due to
the compatibility of materials in HP2C, failure can occur under multiple modes simultaneously.
This allows a higher dissipation of energy and, in turn, a more ductile material behavior.
Since fiber properties are generally similar for FRCC and HP2C materials, the improvement in
ductility stems from the improved matrix quality and, by association, the interface.
The findings in this chapter show that HP2C ductility originates from efficient dissipative
mechanisms at the micromechanical level. However, the results presented here only refer to
the pullout behavior of a single fiber. The aggregate behavior of dissipative mechanisms man-
ifests itself in the mechanical behavior at the material level. The next chapter continues this
investigation of ductility for the aggregate behavior of micromechanical dissipative mechanisms.
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Chapter 3
Micromechanical to Macroscopic
Behavior
The pullout models of the previous chapter provide insight into the interaction between fiber and
matrix on the most uncomplicated level - evenly distributed fibers oriented along the direction
of the applied stress. In this case, an extension of the micromechanical theory to a material
model which evaluates the material ductility is straightforward. However, in most applications
of FRCC, fibers are randomly distributed and randomly oriented. Furthermore, the cracking
in the matrix phase influences the overall ductile behavior. Therefore, this chapter examines
theories which model the micromechanical behavior of randomly oriented fiber systems and
cracking patterns in the cementitious matrix to achieve an adequate method for estimating the
macroscopic behavior of FRCC given the properties of their two constituents, the fiber phase
and cementitious matrix phase, and their interaction through the fiber-matrix interface. This
includes models based on homogenization theory and fracture mechanics. In particular, the
ductility enhancement, examined at the level of a single fiber in the previous chapter, is studied
for the aggregate fiber-matrix-cracking interaction. Ultimately, this chapter aims at elucidating
the connection between the ductility at the micromechanical level and its manifestation at the
macroscopic material level.
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3.1 Micromechanical Behavior of FRCC
The micromechanical behavior of FRCC loaded in tension can vary greatly depending on the
quality of the cementitious material, particularly after the onset of cracking. However, the
following discussion of FRCC behavior will center around HP2C materials, where energetically
advantageous dissipative mechanisms, as described in Chapter 2, promote ductile behavior after
the onset of cracking. The tensile behavior of FRCC is exemplified in Fig. 3-1.
Stage 1 - Initial Elasticity: The FRCC behaves elastically from 0 to 1 in Fig. 3-1. At
this stage, the matrix phase carries most of the tensile load. With increasing tensile loads, there
is some nonlinearity in the load-deflection curve which suggests formation of microcracks [30].
Stage 2 - Post-Cracking Behavior: At point 1, which is generally associated with
the occurrence of microcracks that propagate, the fibers, essentially dormant during elastic
loading, activate to bridge and stunt the growing cracks. Fig. 3-2 shows fibers at a crack face
at the microscale. This brittle crack growth can result in significant crack formation in the
matrix, often manifesting as transverse cracks which may span the entire width of a tensile
specimen [58,62]. In addition, microcracks continue to affect the tensile behavior of the FRCC
specimen after first cracking [71,721. An abrupt drop in stress in the tensile specimen is also
exhibited during this first critical crack formation.
Having introduced significant cracking into the matrix, the composite material exhibits
a decrease in (secant) stiffness during the next stage of loading, 1 to 2. During this post-
cracking stage, energy continues to be dissipated in the FRCC through microcracking, extension
of existing cracks, debonding and friction between the fiber and the matrix, etc. (see, for
instance, [67]). At the same time, the stresses are transmitted through any unbroken matrix
ligaments and across cracks by the bridging fibers. The maximum crack bridging stress capacity
provided by the fibers is larger than the stress capacity of unbroken matrix ligaments for HP2C
materials; thus the composite stress can increase with continued tensile loading (e.g. [62]).
Stage 3 - Yield and Failure: At point 2 the FRCC reaches its maximum post-cracking
strength, which is referred to as the composite yield strength. The FRCC has not yielded in
a classical sense, e.g. the dislocation of crystals, but rather has reached a macroscopic stress
limit. The cracks propagating between points 1 and 2 have coalesced and grown such that the
crack bridging force provided by the fibers has peaked; this state of crack saturation is the
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Figure 3-2: Fibers Protruding from a Crack Face (Li et al. [62]).
limit strength of the composite material [44]. At stage 2-3, the stress capacity of the FRCC
material diminishes in tension softening. At the peak of fiber bridging stresses, fiber debonding
and pullout lead to weakening of the bridging force [60]. In this state, one dominant crack with
waning bridging stresses dominates the overall material response [44,58].
This behavior is exemplified in Fig. 3-3. Fig. 3-3(a) shows the formation of a few cracks
immediately following first cracking. With continued tensile loading, more through cracks form
in the specimen, Fig. 3-3(b). At crack saturation, Fig. 3-3(c), tightly spaced through cracks
form across the specimen. During tension softening, a single through crack dominates the
stress-strain behavior, Fig. 3-3(d).
A simplified representation of the tensile stress-strain (macroscopic uniaxial stress E and
macroscopic uniaxial strain E) behavior specific to HP2C is shown in Fig. 3-4. It includes
the drop in stress capacity after first cracking, ductile energy dissipation after first cracking,
and an ultimate yield strength higher than the first crack strength, which is characteristic for
HP2C materials. The use of strain (i.e. of a displacement gradient) to describe the deformation
behavior related to cracking (i.e. to displacement discontinuities) can be debated. However,
given the ductility of FRCC materials, which ensures that failure is not characterized by one
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Figure 3-3: Cracking Evolution during Tensile Loading (Li [55]): (a) First Cracking, (b) Half-
Maximum Strain Capacity, (c) Crack Saturation, and (d) Tension Softening.
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Figure 3-4: Simplified Representation of the Tensile Stress-Strain Curve for HP2C Materials.
large crack, but rather multiple, small distributed cracks, the assumption of continuity seems
acceptable.
The overall tensile behavior can be distilled into 5 macroscopic values: the macroscopic
stress before cracking and after cracking, E- and E+ (superscripts "+" and "-" represent the
states immediately before and after first cracking, respectively), the macroscopic yield stress,
E2, the initial and post-cracking stiffness, KO and K 1. The strength capacity of the material
drops gradually after reaching the maximum post-cracking strength, point 2, but this behavior
is not examined here as it is associated with large cracks for which the assumption of continuity
is no longer valid. Instead, E 2 is seen as the limit state for FRCC. Similarly, the post-cracking
stiffness K1 represents a simplification of the nonlinear post-cracking response. These values can
be qualitatively and quantitatively related to the mechanisms occurring at the micromechanical
level.
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3.2 Continuum Micromechanics Modeling of FRCC
Continuum micromechanics provides a means of examining heterogeneous material systems.
The premise of continuum micromechanics is that it is possible to separate a heterogeneous
material into phases of constant properties, with stress and displacement continuity conditions
in between them [78]. Within this framework, a lot of models have been developed allowing one
to upscale the elastic properties of the composite components to the macroscopic scale. FRCC
materials as continuous composites can be modeled as a homogenous cementitious matrix with
assorted inclusions, such as fibers or cracks. In this section, two different homogenization
models are explored to achieve insight into the behavior of fiber reinforced materials before and
after first cracking. In particular, micromechanically-based estimates for the stiffness of FRCC
before, KO, and after cracking, K 1 , are provided. First, the fundamental elements of linear
elastic continuum mechanics are reviewed.
3.2.1 Elements of Linear Elastic Continuum Micromechanics
Continuum micromechanics deals with upscaling the material properties of composite materials
from the microscale of a heterogeneous phases to the macroscopic scale of an equivalent ho-
mogenous composite. At the macroscopic level, a representative elementary volume V (REV)
is subjected to displacement boundary conditions of the Hashin-type [32]:
onOV d : (x) = E -x (3.1)
where is the microscopic displacement field, x denotes the position vector at the microscopic
scale, and E, is the macroscopic strain tensor in V. The stress boundary conditions read:
on OVTd : T(x) = E -n (3.2)
where T is the surface force density vector, n is the outward normal to the boundary &V of the
REV, and E is the macroscopic stress tensor in V. Note that first and second order tensors are
represented in bold.
The first fundamental condition for continuum micromechanics is that the macroscopic
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strain E and macroscopic stress E are the volume averages of the microscopic strains e(x) and
microscopic stresses o-(x), respectively (see e.g. Zaoui [87]):
E = K(x))v =V e(x)dV (3.3)
S= (T(x))v=icr (x)dV (3.4)
where ((.))= 1/V fy(.)dV is the notation for volume average.
One condition for the application of continuum micromechanics is that the characteristic
length scale of the microscopic phases, represented by r, is much smaller than the macroscopic
length scale of the homogeneous composite material, L,:
t, < L, (3.5)
For instance, if one considers fiber reinforced composite materials as a two-phase system, t, may
be associated with the fiber length Lf. On the other hand, the macroscopic length scale of the
composite L, defines the REV V of composite material, which is composed of N-microphases
of volume fractions cr=1,N = Vr/V, such that ErN1 cr 1.
For linear elastic problems, the microscopic strains E and stresses C can be linked to the
macroscopic strains E and stresses I through the following strain and stress concentration
relations, respectively:
e(x) = A(x) : E (3.6)
a(x) = B(x) : E (3.7)
where A(x) and B(x) represent 4th order strain and stress concentration tensors, respectively.
From Eqs. (3.3), (3.4), (3.5), and (3.6), one can demonstrate that the volume averages of A(x)
and B(x) over V are both equivalent to the 4th order unit tensor I:
E = (e(x))v = (A(x) : E)v = (A(x))v : E => (A(x))v = R (3.8)
E = (a (x))v = (B(x) :E) = (B(X))v : E -> (B(x))v = R (3.9)
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If each phase obeys a linear elastic constitutive law:
-= C, : Er (3.10)
where C, is the 4th order elasticity tensor of phase r = 1, n, the expression for the macroscopic
stress tensor can be rewritten:
E = (Cr : er)V = (C, : Ar)V : E = Chom : E (3.11)
which gives the macroscopic (or homogenized) elasticity tensor Chom:
Chom = (Cr : Ar)y (3.12)
Expression (3.12) is an exact theoretical definition of Chom, which requires an exact determi-
nation of the localization tensor for each phase Ar. Except for special simplified cases, this is
not possible, and the determination of Chom is generally based on estimates of AC~t. Hence,
the ability of the estimate to capture the morphological patterns of the microstructure under
consideration determines the quality of the homogenization result.
3.2.2 Homogenization Model for FRCC Elasticity
One can model the uncracked FRCC material to be comprised of a homogeneous medium, the
cementitious matrix, with ellipsoidal inclusions, the reinforcing fibers (see, for instance, [58]).
This is a reasonable representation for HP2C materials which are characterized by low porosity
and fibers which are of much higher length scale than the largest cementitious matrix particle
(i.e. fine sand) or pore:
(Lm; RV) < Lf (3.13)
where Lm stands for the characteristic length of the largest cementitious particle, and RP for
the radius of the largest pore.
The roughest approximation of A'st is obtained, by considering the same deformation ev-
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erywhere in the composite material; according to (3.6), that is:
e Ast I C =Cr=) : R)V cC, (3.14)
r
The elastic stiffness estimate (3.14) is often referred to as "rule of mixtures" which, when applied
to FRCC materials, gives:
est '
Chm 1 c) Cm + CfCf = Cm + Cf (Cf - CM) (3.15)
or rewritten in terms of the shear and bulk moduli:
P /i = Am + Cf (hf - m) ; khom =km + cf (kj - km) (3.16)
where pm and pf are the shear moduli of matrix and fiber, and km and kf the bulk moduli,
related to the Young's moduli and the Poisson ratios by:
km Em kf= Ef (3.17)
3 (1 - 2v,)' 3 (1 -- 2vf)'
PM Em Ef
2 (1 + vm)' If 2 (1+ vf)
The homogenized elasticity modulus (i.e. the slope KO in Fig. 3-4) is estimated from the
homogenized shear and bulk modulus, which is a function of the fiber volume fraction cj,
the fiber-to-matrix stiffness ratio Ef/Em, the shear-to-bulk modulus ratio of fiber and matrix,
Im/km and pf /kf, respectively of the fiber and matrix Poisson ratio1 :
K__ _ ~ hon_ est ks
K __ Eem 9rmk h Y 0 (cj; Ef + em. (3.18)
Em Em 3khm+ Ighom Em' kr' kf
For the same Poisson ratio of both matrix and fiber (respectively for the same shear-to-bulk
'Indeed, the Poisson ratio v, of an isotropic elastic material merely expresses a ratio between shear and bulk
deformation, expressed by the shear-to-bulk modulus ratio y,/kr (see Eq. (3.17)):
_,_ 3 (1 - 2v,); Vr = 3 - 2p,/kr
kr 2 (1 + vr) ' 2 (p,./kr + 3)
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modulus ratio of matrix and fiber pm/km = f/kf), the generalized mixture rule (3.15) delivers
the often postulated elasticity composite solution (e.g. [1,30,48]):
Ko Eest
__ - .hom + Cf (Ef /Em - 1) (3.19)
Em Emn
For FRCC, for which the cementitious matrix and fibers have different Poisson ratios (typically
vm = 0.2 < pm/km = 0.75; vf = 0.3 < pUm/km = 0.46), the general solution (3.18) needs to
be employed.
In all cases, from an energy point of view, the rule of mixture estimate represents an upper
bound to the 'real' elastic stiffness of the composite. From a morphological standpoint, it is
readily understood that the assumption of a unit localization tensor is too stiff to appropriately
account for the difference in strain in between the phases.
A first order refinement of the estimate for a fiber reinforced composite is obtained by
considering fibers as ellipsoidal inclusions embedded in a matrix. For this morphology, the fiber
concentration tensor Aft is approximated by the Eshelbian-type ellipsoidal inclusion problem
[25], for which (see Zaoui [86]):
A [ = fi+ ssh : (C- 1 : Cf - i) : K[i+ Sfsh : (C 1 : Cf - f)] (3.20)
where Co is the elastic modulus of the reference medium; SEsh is the Eshelby tensor of the fiber
phase which depends on Co, the geometry and the orientation of the fibers. The general form
of the Eshelby tensor is recalled in Appendix A. Considering fibers as ellipsoidal inclusions,
characterized by an aspect ratio Lf/2rf, SE"h is of the form 2 :
Sysh = Sjsh CO, ei 0 e. 0 ek 0 el (3.21)f ijkl 2rf
where SEh are the components of gfsh expressed in the principal axis of the ellipsoid, and ej,
ej, ek, and el are the base vectors which define the orientation of the ellipsoid in the coordinate
system of the REV. The local basis corresponds to the axis of the ellipsoid, and since the
2The elements of the Eshelby tensor for the fiber phase are obtained by setting A = Lj and B = C = 2rf in
the general expression of SEsh given in Appendix A.
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orientation changes for a randomly oriented fiber system, the local basis needs to be related to
a fixed basis ei by:
e-= R(0,) -(3.22)
where R (0,#0) is the rotational matrix which transforms the local basis, with the help of the
Euler angles 0 and 0, into the fixed global basis. To model randomly oriented inclusions, one
must employ a globalization operation which integrates the local Eshelby tensor SEsh over all
possible angles 0 and 0. The Eshelby tensor therefore carries the geometrical characteristics of
the fiber system, the aspect ratio and the orientation. In turn, the elasticity of both matrix
and fiber is assumed to be linear isotropic:
Cm = 3kmK + 2btmJ; Cf = 3kf K + 2 pL J (3.23)
where Kijkl = .- 6i -kl is the volumetric part of the 4th order unit tensor II, and J I - K is the
deviatoric part; km and kf are the bulk moduli of the matrix and fiber phases and Pm and Pf
are the shear moduli of the matrix and fiber phases defined by (3.17).
Expression (3.20) can be simplified by considering the generally low fiber content in HP2C
material (cf < 10%), which allows one to neglect, in the micromechanics model, the interactions
in between the fiber inclusions. This leads to the so-called dilute scheme [19], for which:
cf <1 - cf; At"' = ±1f+ ssh : (C- 1 : Cf -- I) (3.24)
In addition, from the consistency condition (3.8), the matrix localization tensor reads:
(Ar) V = ff <= (1 - cj ) Aest = ff-Cf KAest) (3.25)
where KAest)v is the volume average over the fiber volume Vf only:
(Aest) vR)I L+sf : (C- : Cf -I) dV (3.26)
A further simplification consists of choosing the reference medium to be the matrix phase,
Co = Cm. Based on these two simplifying assumptions, use of (3.26) in (3.12) delivers the
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homogenized stiffness tensor in the form:
C es = Cm + cf (Cf - Cm) : (A'st)v (3.27)
For KAjst = I, the previous expression reduces to the mixture rule (3.15). In turn, given
the non-negative values taken by Sfsl (see Appendix A) and the higher stiffness of the fibers
compared to the matrix (km < kf; pm < pf), the integral in (3.26) provides smaller values
for the homogenized stiffness of the fiber reinforced composite than (3.15). Furthermore, the
randorp orientation of the fibers, which is considered in (3.27) by carrying out the integral (3.26)
over a sphere of radius Lf /2 with fibers oriented in the radial direction ensures the isotropy
of the homogenized medium. The expression is lengthy, but can be solved numerically with
any symbolic mathematics software (see Section A.1.1). Expressed in terms of the elasticity
modulus, and compared to the rule of mixture upper bound (3.18), the Eshelby tensor leads to
an additional dependence of the normalized composite stiffness on the fiber aspect ratio:
K0 _ ECf ( E .I' L. (3.28)Em ~Em (' Em' km' kf'2rf )
Figure 3-5 displays function g0 versus the fiber aspect ratio Lf/2rf, for three typical volume
fractions of FRCC c 1 : 3%, 6% and 10%. The assumed fiber-to-matrix stiffness ratio is Ef/Em =
4; and vm = 0.2 pm/km = 0.75; vf = 0.3 4> pm/km = 0.46. As shown in the figure, the
composite modulus estimates vary insignificantly with different fiber aspect ratios, particularly
for fiber aspect ratios larger than 10. Since cementitious composites have fiber aspect ratios
on the order of of Lf/2rf > 8 - 20, the composite can be modeled using homogenization
techniques with the limit case, Lf/2rf -> oo. The solution for this limit case was provided by
Christensen [181.
Nielsen also presents an analytical estimate for the composite stiffness of cementitious com-
posites with randomly oriented fiber inclusions based on Hill's theory of two phase compos-
ites [34,35]. The composite modulus KO is a function of the volume fiber content and the fiber
aspect ratio [42,66]:
Ko E+8 cg (E - 1
Kf (3.29)Em + + Cf 
- i)
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Figure 3-5: Estimate for the Normalized Modulus Ko/Em as a Function of Fiber Aspect Ratio
LJ/ 2 rf for Different Fiber Volume Contents cf. Material Parameter Values: Vm = .2, Vj = .3,
Ef /Em = 4.
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Function of Fiber Volume Content cf: Ef /Em = 4 and Lf /2rf = 100.
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0 is a parameter related to the geometry of the discrete phase (fibers):
9 ' + ' + 4 _(I _ IV _ q') (3.30)
where
3 Lf 1 _L
0 = OCd - Cf =j min To cf - CD , TO 2rf 2rf (3-31)
Cd cd 1+ +4 2
2rf 2rf
TO (2cd) 10
cd -1i+ qO, co= 2
Fig. 3-6 compares the three composite stiffness prediction schemes presented in this section:
the rule of mixtures (3.18), the homogenization solution (3.28), and Nielsen's solution (3.29).
The composite modulus normalized by the matrix modulus is shown for different fiber volume
fractions. In this plot, typical HP2C values were used: the ratio of fiber modulus to matrix
modulus Ef/Em = 4, and the fiber aspect ratio Lf/ 2rf = 100. As shown, for typical fiber
volume fractions (cf = 1% - 6%), the difference between these three predictions is never larger
than 10%. Interestingly, the Nielsen prediction and the homogenization prediction show nearly
identical values for the composite stiffness, suggesting a negligible dependence of the composite
stiffness KO on the Poisson's ratios of the matrix and fiber vm and Vf. In the case of more
compliant cementitious matrices or very high fiber volume contents, the discrepancy between
these three solutions may become significant.
3.2.3 Homogenization Model for Cracking in FRCC
After first cracking, the cracks can dominate the mechanical behavior of FRCC materials. This
effect of crack voids in FRCC materials has been studied at a micromechanical level to estimate
the effect of voids on the stiffness of these materials (e.g. [26,58]).
The characteristic length scale of the cracks should be on a similar order as the one of the
fibers. This requires to consider the cracks as an additional phase of zero stiffness in the REV,
in addition to the fibers and the matrix phase. In a very first approach, a dilute scheme is
employed which assumes a negligible interaction between the inclusion phases, i.e. between
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fibers, between cracks, and between fibers and cracks. In this case, an estimate of the strain
localization tensor associated with the cracks is of the same format as the one of the fibers
(3.24), in which Cc, = 0:
A = I SEsh (3.32)
where SEsh is the Eshelby tensor that captures the crack morphology. For purpose of analysis,
randomly oriented penny shaped cracks are considered for the general expression of the Eshelby
tensor in Appendix A3 :
SEsh - SEsh m, u) e- 0 ei j 0 ek el (3.33)
er ijkl k 2aI
where u/2a is the crack aspect ratio, crack height u and crack width 2a. As in the case of
the fibers, the orientation of cracks is set by the base vectors ei (3.22). The strain localization
tensor of the fiber phase is still given by (3.24), and the compatibility condition (3.8) provides
the following estimate of the matrix strain localization tensor:
(A,)y = I <-> (1 - cf - c,) A"' =I-Cf (A t)v - cr (A)v (3.34)
where c, = Vcr/V is the crack volume fraction, and:
(Aest)v = I+sh: (C1 1 : Cf - I) dV (3.35)
(Aet)r = IdV (3.36)C cr V, IV c
Finally, use of (3.24), (3.33) and (3.34) in (3.12) delivers the estimate of the cracked fiber
reinforced material:
C est = Cm : (I - c,, (A est) + Cf (Cf - C') : (A est (3.37)'hom -r f-~I cr \cI 3.7
Observe for c, = 0, the composite stiffness (3.37) is equivalent to the initial composite stiffness
of the matrix fiber system defined by (3.27). In turn, the presence of cracks effectively reduces
"The elements of the Eshelby tensor for the crack phase are obtained by setting A = u and B = C = 2a in
the general expression of SEsh given in Appendix A.
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this stiffness. Note also that a mixture rule would correspond to (A e)V =Aest )
reducing the expression (3.37) to:
Csm= (1- ccr) Cm + Cf (Cf Cm) (3.38)
which, given in terms of the shear and bulk moduli, can be rewritten:
est \jet_(
Phom =(1 -cr) Am + Cff -- p.) ; ks' = (I - cc) km + cf (kf - krm) (3.39)
The dimensionless elasticity modulus in the cracked regime (i.e. slope K 1 in Fig. 3-4) is then
found to be a function of:
K _ Eest 9,est kest - .cr Cf; c -Ef k kf (3 40)
Em Em 3kest + est EM ' k+I ' kf
In comparison to this mixture rule, which only considers the crack volume fraction, the
additional consideration of the morphology of the cracks (i.e. randomly oriented penny shaped
ellipsoids) through the Eshelby tensor (3.33), leads to an additional dependence of the homog-
enized stiffness ratio on the crack-aspect ratio:
K 1 _ Esm = c; E . U N(3.41)
Em Em Em' k' k' 2a
The analytical expression of function gcr is lengthy, and is conveniently carried out numerically
(see Appendix A.1.2). Figure 3-7 displays the ratio of the cracked composite stiffness over the
uncracked composite stiffness, i.e. 9'/! 0 , versus the crack aspect ratio u/2a for different crack
volume ratios c,.
The effect of randomly oriented crack voids on the Young's modulus of the composite K 1
without reinforcing fibers cf = 0 are demonstrated in Figure 3-7 for different crack voids aspect
ratios u/2a, COD u and crack width 2a. As shown in this figure, unlike the fiber aspect ratio
(Fig (3-5)), the aspect ratio of the cracks has a significant effect on the normalized Young's
modulus K 1 /Ko. Therefore an appropriate assumption of the crack morphology is required for
a reasonable prediction of the post-cracking stiffness.
Figure 3-8 shows the effect of crack void volume fraction on the normalized composite
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Figure 3-7: The Effect of Crack Aspect Ratio u/2a on the Normalized Cracked Modulus K 1 /Ko
for Different Crack Volume Fractions c, (Cf = 0).
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Figure 3-8: The Effect of Crack Volume Fraction c, on the Normalized Stiffness of FRCC
Composites with Cracks KII/Ko. Crack Void Aspect Ratio u/2a = 1/1000.
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modulus K 1/Ko. For this figure, typical HP2C values were used for the crack aspect ratio
u/2a = 1/1000, the ratio of fiber stiffness to matrix stiffness Ef/Em = 4, and the fiber aspect
ratio Lf/2rf = 100; Poisson's ratios used for the cementitious matrix and the fibers were
Vm = 0.2 and uf = 0.3, respectively. The normalized cracked modulus given in the figure
KI/Ko can be interpreted as the degree of stiffness retention for a given crack void volume
ratio (or 1 - K 1 /Ko as a damage parameter). As demonstrated in the figure, there is a weak
positive correlation between volume fiber content and stiffness retention for the same crack
void volume. Therefore, even for this dilute scheme for which there is no direct interaction
between fibers and cracks, higher fiber content can improve stiffness retention after cracking.
The effect of crack void volume fraction on stiffness compares agreeably, qualitatively speaking,
with results given by Karihaloo and Wang [43], which are presented later in this chapter.
Also shown in the figure is the irrelevance of the rule of mixtures solution (3.40), which gives
much higher cracked moduli than the homogenization solution which takes crack geometry into
account.
The homogenization scheme for cracking presented here represents a first-order estimation
of the effect of cracking on the stiffness of FRCC materials. This analysis makes assumptions
about the size, behavior, and dilute distribution of the cracks that could be improved. For
example, fibers bridge the cracks in the cementitious matrix representing a strong interaction
effect between fibers and cracks (e.g. Leung and Li [54]). Also, as cracks grow, they coalesce,
i.e. the interaction between cracks may play a large role on the composite stiffness. Accord-
ingly, the interaction effect between cracks increases, which is not taken into account with the
applied dilute scheme. Still, the continuum micromechanics approach provides a qualitative
understanding of the input parameters which affect stiffness in FRCC materials.
3.3 Cracking Strength
The ductile behavior in FRCC materials is dictated by the cracking in the cementitious matrix
and the bridging of the reinforcing fibers. Matrix cracking and fiber bridging has been inves-
tigated at length by various researchers (e.g. Budianksy et al. [10], Marshall [65], Aveston et
al. [4]). Often, past approaches have modeled matrix cracking as a fracture mechanism with
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the fiber bridging as a strength phenomenon (e.g. Kelly [46], Aveston et al. [4]). This combined
fracture mechanics approach can offer estimates for the strength immediately before and after
first cracking, E- and Ef, the composite yield strength, E2 , and the post-cracking stiffness,
K 1 , based on micromechanical properties.
3.3.1 Fracture Toughness of FRCC
Many existing FRCC models use the tensile strength of the matrix, 0-mn, as the limiting criteria
for the onset of cracking. This elastic limit can be obtained from application of the stress
localization condition (3.7):
B, : E (3.42)
where Bm is the stress concentration tensors which localizes the macroscopic stress E into the
matrix phase. A first order estimate of this localization tensor is obtained through a derivation
of the homogenized compliance tensor (i.e. the inverse of the homogenized stiffness tensor Chom)
from the strain volume average relation (3.3) in combination with the consistency condition (3.9)
and the linear elastic constitutive relation (3.10)4:
C-o = C1 + (1 - Cf) 1C; - C : (im)vm (3.43)
Thus,
1 11 i -i
(B m)Vm - 1 C- -C ) (C- Zm- Cf) (3.44)
By setting Bm = (Em)vm in (3.42), use in (3.44) of the developed stiffness estimates C"'
developed in Section 3.2.2 provides a means of estimating the three-dimensional stresses that
develop in the matrix during elastic loading. Use of these matrix stresses in a matrix strength
4 In detail,
(e(x)) = (C7' O (C;-' :r)v : E = Chorm : E
Thus,
Cijom = (C;~ : Br)V = Cf C : (Blf)Vf + (1 - c 1 ) Cin (Bm)v
In addition, the compatibility condition (3.9) reads here:
Cf (Bf )Vf + (1 - cf) (Bm)m = I
A combination of the two previous relations gives relation (3.43).
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criterion would deliver an estimate of the first crack strength - based on strength-of-materials
theory.
There is a priori no reason to believe that the microscopic stress o-m in response to a uniaxial
macroscopic loading, say E = Ee1 0 el, should be uniaxial as well. The only requirement is
the stress volume average condition (3.4). Still, it is a suitable (and commonly employed)
assumption to link the matrix tensile strength o-mu to the macroscopic composite strength, El
by (e.g. [10,65,76]):
E-- (K o) m (3.45)
Em
The factor Ko/Em in (3.45) is a stress localization factor, which can be obtained from the
general expressions (3.42) and (3.44) by assuming (1) uniaxial micro- and macro- stress states,
(2) the validity of the mixture rule (3.19), and (3) the same Poisson's ratio for both matrix
and fiber. In other words, it is just an estimate which is likely to overestimate the composite
strength E--, if the matrix strength c-mu was known.
In the simplest case, -mu is a strength in the sense of strength-of-materials (or plasticity)
theories as employed in Chapter 2. More advanced theories relate 0'm to a fracture process
that occurs in the matrix [71. More precisely, from a Linear Elastic Fracture Mechanics (LEFM)
point of view, omu can be viewed as the limit stress at which an existing penny shaped crack
of half length ao in an unreinforced matrix propagates:
1 m = Kic'm (3.46)
mu2 a0
where Kic,m is the fracture toughness of the cementitious matrix in a brittle Mode I frac-
ture process. By combining (3.46) with (3.45), one can obtain a macroscopic estimate of the
composite toughness KI,hom (see [54,65]):
Kest 
7KO
Ic,hom= Em KIc,m (3.47)
This estimate of the composite toughness is acceptable for low fiber volume fractions, for which
crack propagation is restricted to the matrix. In turn, it provides a means to study at the scale
of the composite linear elastic fracture processes.
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Figure 3-9: Effective Stress Intensity Applied to a Fiber-Bridged Crack Under an External
Load: (a) Effect of External Load, (b) Effect of Crack Bridging, and (c) Total Effect.
3.3.2 LEFM-Analysis of Fiber Bridging Effects on Composite Strength
Applying the concepts of LEFM to the crack propagation in a fiber reinforced material, a crack
will propagate if the stress intensity factor K reaches the composite toughness Kthom. The
stress intensity factor relates on the one hand to the external force. But given fiber bridging,
this intensity is reduced by the bridging stress intensity [653, as sketched in Figure 3-9:
KI-= KE - K? _< Kjechom (3.48)
where KT is the stress intensity factor related to the far field (macroscopic) stress E:
(3.49)
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KIE = 2 E ro
KIB is the bridging stress intensity, which for a given fiber bridging stress Ob acting over the
penny-shaped crack, is [79]:
K =B 2 ao b u (I dx (3.50)
where x is the distance from the center of the crack. The bridging stress is a function of
the crack opening displacement (COD) u (x), which can be assumed to vary with x according
to [53,65]:
u(x) = 2 KIc,hom ( 2  (3.51)
The last element of this LEFM model is the derivation of a suitable estimate for the bridging
stress. From a shear-lag analysis, Li and Leung derived the following relation between the
bridging force P provided by a single fiber traversing a crack of COD u [60]:
P (u) = r exp (ff) T2Erirfu (x) [I + cf E ) (3.52)(1 - cf).Em
where ri is the frictional interface strength, already introduced in the study of Eq. (2.39);
f, E [0.5, 1] is a fiber snubbing coefficient which describes the increased resistance of a fiber
pulled out at an angle # relative to the crack face [61]. Equation (3.52) assumes that fiber
pullout occurs before any fiber yield or rupture does. Integrating over the contributions of
individual fibers traversing a crack gives:
V f7/2 jLf/2cos+ ((u) = ~I ~ P (u) p (#) p (z) dzd# (3.53)
7rrf J0= z=O
where p (q) sin # and p (z) = 2/Lf are the probability density functions of the orientation and
centroidal distance of the bridging fibers. This gives the following solution for fiber bridging
stress:
,mnax [2 (U )1/2 U (3)4O'b (U) b Uma 2 3.4
75
2.2
2-
0)1.8
C
0)1.6 -
1.4 -
S1
1E)
0.8
0 2 4 6 8 10
Fiber Volume Content [%]
12
Figure 3-10: Effect of Fiber Volume Content cf on the Normalized Cracking Strength E-l=
where oax the maximum bridging stress provided by the fibers at the COD u*:
mnax c_ L_
b 9S2 2rf
U *=
2E rf (1
SL 2
+ cf Ef
(1 -cf)E,
and g, is a fiber snubbing factor given in terms of the snubbing coefficient f:
2
S= 4 + f (1 + exp (7rfs/2)) (3.56)
Substitution of (3.49) and (3.50), together with (3.53), yields the composite strength at first
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(3.55)
I
cracking (K,= Ks "m) in the form [411:
E- =(Kj 0 ,o + K,) (3.57)
2Kom [2 1 / 2  ao 1/4 ao>1/2
2 a0~s cm ra 3 Ua, 8 Jk\(a.
where ai is a convenient parameter with which one can normalize initial crack length 2ao:
a =( (3.58)
2Kchom 16(1 2
Equation (3.57) shows that the first cracking resistance El is comprised of the brittle strength
provided by the cementitious matrix and the frictional mechanism (interface strength ri) acti-
vated by the fiber pullout bridging force. Normalizing Ej by the tensile strength of the matrix
-mu, reveals the parameters which affect first cracking strength:
E~m Em + gscf (T '\[4 i
=MU Kn 2 (L) ( rnu) [4/U - (3.59)
where
( -v ) Ef ) 2 r K Kc,m K (3.60)
i -cf Em LJ Er \U un Lf ou
The effect of most of the dimensionless parameters, listed in Eqs. (3.59) and (3.60), on the
normalized cracking strength El /amu is to some degree intuitive. This includes the positive
correlation of the first cracking strength with fiber volume content cf, fiber aspect ratio Lf /2rf,
and ratio of interface friction strength to matrix tensile strength ri/o-mu. A less obvious strength
improvement parameter expressed in (3.60) is Kcm/Lf oiu, the ratio of initial flaw length to
the fiber length (3.46), K2cm/LfcU2u oc ao/Lf. Consider two different cementitious matrices
which, despite having. different inherent flaw sizes ao, have the same tensile strength amu. Eq.
(3.60) suggests that given the same fiber volume content, the cementitious matrix with the
larger inherent flaws will exhibit a higher first cracking strength E,. This is due to the fact
that larger initial flaw sizes allow for enhanced fiber bridging effects (larger fiber bridging area)
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Figure 3-11: Through Crack Formation after First Cracking.
before brittle cracking occurs5
Figure 3-10 shows this ductile toughening effect by bridging fibers displaying 2 = El /0"m"
as a function of the fiber volume fraction for a typical HP2C material: Ef /Em = 4, Ou Lf /Kc,m
12, Vm = 0.2, ri/-mu = 2/3, and g, = 2.32. According to this model, the effect of volume fiber
content has a significant effect on the first cracking strength, 20 -60% increase in first cracking
strength for typical fiber volume contents (2- 6%). In addition, it is shown how the fiber aspect
ratio has an insignificant effect in improving the first cracking strength, particularly for fiber
aspect ratios larger than Lf /2rf > 100.
3.3.3 Macroscopic Stress After First Cracking
A rough estimate of the stress after first cracking E+ can be achieved by employing some ele-
ments of fracture mechanics. Generally speaking, the amount of external energy Weat supplied
to the system which is not stored in the system as elastic energy, say W, is dissipated into heat
5 This conclusion does not conflict with the findings of previous research, e.g. [53), which demonstrate that
the first cracking strength decreases with larger flaw sizes. Unlike previous studies where Kic,m is kept constant,
here the strength of the cementitious matrix c-mu is fixed. Thus, the larger flaw sizes do not adversely affect the
strength of the cementitious matrix in this parameter study.
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form dD. This energy is dissipated by the creation of fracture surface dS:
dD = dWet - dW = FdS>; =- (3.61)7as (.1
where F is the energy release rate, which derives from the potential energy Spot of the system.
This framework has already been used in Chapter 2, when deriving the optimal fiber radius
and the optimal fiber length (see Eq. (2.35)).
As a first-order approach, assume that upon first cracking through cracks longitudinally
spaced at an average distance of x+ form in a tensile specimen of cross-section A and gauge
length Lg, as depicted in Figure 3-11. For the given gauge length and crack spacing, Ni =
L9/Xc+ is the number of through cracks formed in the specimen. Obviously, this is a highly
simplified scenario, that may well be seen as the worst case scenario to which a FRCC material
is potentially subjected. For a displacement driven test on the composite, a change in potential
energy Spot due to a through fracture occurs at a prescribed displacement J- = ET Lg/K0.
Given the assumed linear elastic behavior of the system, the internal energy before cracking
W- can be estimated from the external work supplied to the system (Clapeyron's formula):
1 1
pot = 2W ,, =t A- 2E1(3.62)
In turn, after cracking, the total COD is N, u+ where u+ is the COD in each crack immediately
after first cracking. For a displacement driven test, the displacement before and after cracking
are equivalent:
N U+ + L9 E1 = L9 (3.63)Ko Ko
Because of the work achieved by the fibers bridging each crack, the potential energy after
cracking is:
,E+ [EAJ- - o, N, Su+] = [ZEAJ- - E3NZSu+] (3.64)
Equation (3.64) adheres to the force balance requirement that the bridging stress over a through
crack o, must be equivalent to the externally applied (macroscopic) stress E+:
E+1= cb (U+) (3.65)
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Then, for through cracking, A = S, the energy dissipation can be rewritten:
'AD -Ap't =e- - + T FS (3.66)
where
F ((E- - F,+) 6- + E+Nu+) (3.67)
First cracking occurs when the energy release rate is equivalent to the fracture energy in
the system:
F =:F+ (3.68)
where F is the fracture energy of the composite at first cracking. For a cementitious matrix
without fiber reinforcement, the fracture energy of the system is equivalent to that of the
cementitious matrix F. 6 . However, for a fiber reinforced system, there are other sources of
energy dissipation besides cracking in the matrix. For this cracking configuration, the energy
release rate during cracking can be estimated:
+U
Cf = F NgF(1 - Vf ) + 10 U(u)du (.9
where 0 + cb(u)du represents the fiber pullout dissipation at each crack. Note that the com-
posite fracture energy is a function of the COD after cracking, F+ Fc(u+).. Using Eqs. (3.67)
and (3.68), the macroscopic stress after cracking E+ reads:
,E1 iE- - 2 [m(1 - Vf) + U
E+r~ = u (3.70)
where E1 = El /Ko is the uniaxial macroscopic strain immediately prior to cracking. Equations
(3.63), (3.65), and (3.70) provide three equations to solve three unknowns: E .+, and u+.
Using the nonlinear expression for bridging stress (3.54) gives a set of nonlinear equations from
6 For a linear elastic material, rm = KIc,m/KO in plane stress and Fm = KIc,m(1 - v )/Ko in plane strain.
Significant energy dissipation which occurs after cracking in cementitious matrials renders the linear elastic
estimate for fracture energy highly inaccurate [7]. For this model, Fm is characterized as the energy release
during the formation of fracture surfaces in the matrix which is not directly related to fiber pullout, which is
accounted for separately.
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which E+, 4+, and u+ can be solved through an iterative process. A linear expression for
bridging stress has been provided by Karihaloo et al. [45]:
Ub = kbu Cf TuEf -u (3.71)2 Ti Lf
where Tr is the shear strength of the interface first introduced in (2.14) and kb -- 0 max/U* is
a factor which relates the COD to the bridging stress. Substitution of (3.71) into (3.65) and
(3.70) provides the following solution for the normalized post-cracking stress:
E_ 2Fm (1 - cf) kb Fm (1 - cf) gcfruEf
(_E-)2 < 1 (3.72)
21 (ET ) ( T )Lf Ti
It is interesting to note, from Equation (3.72), that E1 is not dependent on geometrical parame-
ters Lg, u+, and 4. It thus appears that the post-cracking stress E+ is size-effect independent.
Combination of Eqs. (3.72) and (3.59) imparts a length scale fp = Pm/Omu, which favorably
affects the post-cracking strength E+. When considering a linear elastic material, this length
scale is proportional to the initial flaw size, f, oc ao (see footnote in this section). In this
linear elastic context, as suggested in the previous section, the positive effect of ip is related to
the enhanced bridging effect of the fibers with larger inherent flaw sizes. Of course, when the
linear elastic assumption is inappropriate, t, is not physically related to a "length". However,
larger values of fe still imply the increased ductility of a cementitious matrix, exhibited as
post-peak tensile stresses [7]. Intuitively speaking, this intrinsic matrix ductility will lead to
higher post-cracking composite strengths.
Figure 3-12 shows the effect of fiber volume content on the normalized post-cracking strength
E+/E j for two types of FRCC materials: an HP2C material (Umu = 6 MPa, Lf omu/Fm = 2000,
and Em = 50 GPa) and a weaker FRCC material (Umu = 3 MPa, Lfomu/Pm = 4000, and
Em = 20 GPa). The first cracking strength E- for both the HP2C and FRCC was solved using
(3.57) using the same fiber properties: Lf/ 2rf = 100, Ef = 200 GPa and g, = 2.32. Other
input values were TiomuLf /Kcm = 8, v = .2, Ti/6Tmu = 2/3, and T,/T = 3/2. As shown in
Figure 3-12, increases in fiber volume content have a significant effect in post-cracking stress
retention E+/E-. In fact, for higher fiber volume contents in HP2C, cf > 2.5%, the model
predicts that the stress, drop after post-cracking becomes negligible (E+/E- = 1). The HP2C
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material shows improved post-cracking stress retention over the FRCC, particularly at higher
fiber volume contents, largely due to a higher matrix fracture energy to matrix strength ratio
I'm/Lfo-mu-
3.4 Fracture Mechanics of Post-Cracking Behavior
The three parameters that characterize the post-cracking behavior are the stress E--, the com-
posite yield strength E2 and the slope K 1 in between them (see Figure 3-4). In Section 3.2, it
was shown how continuum micromechanics allows one to estimate the elastic stiffness K 1 of a
cracked fiber reinforced material. The continuum approach, however, falls short in accounting
for the successive crack propagation of fiber reinforced materials which occurs during this phase.
As seen in Section 3.3, fracture mechanics provides a means to account for cracking processes
at the scale of the composite material. Several researchers have derived expressions for the
post-cracking parameters of FRCC from fracture mechanics models [41,45], which are briefly
reviewed in this section. The common features of these models are detailed first, before some
particular results for specific crack patterns are presented.
3.4.1 Elements of Fracture Mechanics of FRCC
The premise of fracture mechanics models of FRCC is that it is possible to separate the total
deformation of the composite E into an elastic part and an inelastic part [36,39]:
E hor : E + I ([[u]] 0 n + n 0 [[u]]) dSN (3.73)
N=1 SN
where CiJm is the elastic compliance tensor of the uncracked FRCC, [[u]] = u+ - u- is the
displacement jump vector across a crack oriented by unit normal n, and SN represents the crack
surface of a crack N (out of a total of Nc, cracks) contained in a REV V of the composite. The
first term in (3.73) represents the elastic contribution, the second term the averaged inelastic
contribution, related to the cracks at a scale below that of the composite. Formally, expression
(3.73) compares to a micromechanics derivation of the compliance tensor of a cracked FRCC,
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for which:
EB= (e(x)) [cmC;-;' : (Im)Vm + cfCf : ( f)j : E + cC, (Bcr) V : E(3.74)
where Br=m,f,cr are stress localization tensors. The difference, however, between expressions
(3.73) and (3.74) is that the second accounts for cracks only through the (fixed) volume fraction
ccr and some (fixed) crack morphology patterns (as the crack aspect ratio and crack orientation)
that are included in the crack stress localization tensor cr. By contrast, expression (3.73) allows
one to account for crack propagation, by specifying the evolution of that crack opening [[u]] by
means of a fracture mechanics approach. For instance, in the context of LEFM, for which the
principle of superposition applies, the opening of a crack can be expressed by [45]:
u(x) = [[u]] - n = j Ku (x, xi) o, (xi) dx2  x, X1 E [0, a) (3.75)
where kernel K, represents some crack opening displacement at x induced by a set of concen-
trated unit loads at x1 on crack surfaces, and a, (xz) represents some pseudo-tractions on the
crack surface at xz, which depends on both the (far field) macroscopic stress E, and the bridging
stress O-b of the fibers crossing a crack.
The fracture mechanics models developed by different researchers for FRCC based on (3.73)
differ in the considered cracking pattern. Two different cracking schemes are investigated here:
through crack formation [41,63] and a double periodic distribution of cracks [45].
3.4.2 Through Crack Formation
In this analysis, based on the work of Kanda et al. [41], it is assumed that the stiffness of the
cracked composite is governed by through cracks. Upon first cracking, through cracks forms
in an uncracked tensile specimen as shown in 3-11. By the time the maximum post-cracking
strength E2 is achieved, a series of roughly evenly spaced, equally sized cracks forms across the
tensile specimen, see 3-3(c). This is due to the strain hardening effect caused by the stiffening
crack bridging.
Since through cracks are estimated to dominate the FRCC behavior immediately following
first cracking, the macroscopic stress is equivalent to the bridging stress at any of the through
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cracks, which are all of equal COD u:
Ecr = b(u) (3.76)
where Er denotes the stress of the composite in its cracked state. For a bridging stress 07b and
crack opening u, the total strain after cracking E, can be approximated as the elastic strain
over the uncracked lengths and the COD normalized by the spacing between cracks (see for
instance Lin and Li [64], Lim et al [63]):
E,(Ob, U) = -- -(3.77)
K o  Xcr
where cracks of COD u are separated by an average crack spacing x,, which evolves with
loading, Xcr = xcr(Ecr). Equation (3.77) represents a 1-D simplification of (3.73). By the time
composite yielding (crack saturation) has begun, there is an average minimum crack spacing for
a long tensile specimen, x , = xd [83]. This crack spacing is related to the development length
required for fibers to transfer first cracking tensile stresses from a crack face to the matrix.
Experimental observation of HP2C tensile specimens has shown the crack saturation spacing
to be on the order of the fiber length:
Xd ~ Lf (3.78)
Wu and Li [83] propose the following analytical expression:
Xd = Lf{ - - - ( x - x ) (3.79)2 L4-CT g Xc _ Miu L T
which suggests that the through crack spacing is negatively correlated with the parameters
which are positively correlated with first cracking strength EI (3.59) and post-cracking strength
E, (3.72). Eq. (3.79) states that a more ductile behavior corresponds to tighter crack spacing,
as improved interface stress transfer mechanisms induce multiple cracking (see Section 2.2.3).
Using (3.76) and (3.77) and assuming a constant crack spacing xc, one can derive an
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expression for the post-cracking stiffness:
OE~ -1 armax [(U*U)-1/2 - (U*<4 1(380
K, =_ x~ = =Oc)l b _ Ko (3.80)
0 1 + (n*U)-1/2 (U* 1 9
XCr- KO [ JU+T0
where
_____ Kou* 2 1 - cf Lf Em
S=;ax2- X x - (3.81)U* - VUU Xcro gs Cf Xcr Ef
Given that m7 > 0 and 172 > 0, the post-cracking stiffness K 1 is shown to be a fraction of
the elastic stiffness Ko. This fraction is dictated by two post-cracking stiffness parameters:
mq which is a degree of cracking parameter, and 'q2, which is a function of micromechanical
properties. The two limit cases for the degree of cracking are an uncracked state u = 0, for
which 1 -+ 0, and crack saturation u = u*, for which T11 -) oo. In other words, (3.80) is
consistent with the fact that during the absence of cracks, the stiffness of the composite is
equivalent to the elastic stiffness, K 1 (it = 0) = Ko; and the material yields plastically at crack
saturation, Ki(u = u*) = 0. In this way, the post-cracking stiffness evolves with the growing
cracks.
The expression for post-cracking stiffness (3.80) also indicates the micromechanical proper-
ties which control the post-cracking stiffness. With increasing values of 12, the post-cracking
stiffness decreases. Hence the parameters which can increase the post-cracking stiffness to elas-
tic stiffness ratio K 1/Ko are the snubbing factor g,, the ratio of crack spacing to fiber length,
Xcr/Lf, the fiber volume content ratio cf / (1 - cf) and the ratio of fiber stiffness to matrix
stiffness, Ef/Em. It is argued that the snubbing factor g., the ratio of crack spacing to fiber
length xc,/Lf, and the ratio of fiber stiffness to matrix stiffness Ef /Em do not vary significantly
over different HP2C-type materials. Therefore, it can be shown that the volume fiber content
cf is the most significant factor which may increase composite stiffness after cracking, K 1 . The
positive correlation of post-cracking stiffness with fiber volume content is demonstrated with
experimental data in the next chapter.
For an estimation of a constant K 1 , that is a linear post-cracking behavior, the COD u
must be fixed to an appropriate value, say u = u+, the COD immediately after first cracking.
Alternatively, K 1 can be set as the slope between the stress-strain after first cracking (E1 , E+)
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Figure 3-13: A Double-Periodic Array of Bridged Cracks (Karihaloo et al. [45]).
and the onset of composite yielding (E 2 , E 2):
K 1 - (3.82)
E2 - El
or in the case of a negligible stress drop after cracking, E+/Ei ~ 1, the expression for post-
cracking strength can be simplified [41]:
K 1 = (3.83)
E2 - El
where E 2 is the composite yield strength (see Fig (3-4)), which is equivalent to the maximum
bridging stress for through cracks:
E2 = (S = Lf (3.84)
and E 2 is the strain at the onset of composite yielding:
max *
E2 = + (3.85)K o Xd
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Figure 3-14: Superposition of Sub-Problems (Karihaloo and Wang [44]).
3.4.3 Double Periodic Crack Distribution
In order to account for a distributed cracking pattern in FRCC, Karihaloo et. al [45] use
a double periodic crack array as shown in Fig. 3-13. In the figure, cracks of length 2a are
distributed evenly with center-to-center spacing W perpendicular to the load direction and H
parallel to the load direction. This model represents the cracking in 2-D, with a unit thickness
of the cracks and the cracked FRCC specimen. The cracks are traversed by randomly oriented
short fibers.
By decomposing the double periodic crack array into an infinite sequence of subsidiary
problems composed of a single row of collinear cracks as depicted in Fig. 3-14, the post-cracking
macroscopic stress E, can be written:
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Figure 3-15: Influence of Bridging Stiffness on Crack Opening Displacement (Karihaloo et
al. [451): W/a = 2.5 and H/a = 2.0.
C'r or +00 +a iE[,+) (.6
E c P(x) - 2 j K, (x, xi) 0, (xi) dx3 + Orb(x) x, a E [0, +a) (3.86)
where ap(x) are the pseudo-tractions on the crack faces, Ob(x) are the bridging stresses induced
by the fibers, and the kernel K, (x, XJ) represents the stress at x induced by a set of unit crack
surface tractions at x3 .' The expression for the macroscopic stress, given by (3.86), and the
expression for the macroscopic strain, given by (3.75), can be solved with kernels K, and K2,
provided in a closed form by Tada [79] for the double periodic scheme.
The combination of Eqs. (3.86) and (3.75) gives a solution for the crack opening displace-
ment as a function of the distance from the crack center, x, for a given bridging stiffness, kb
(see Eq. (3.71)). This solution for the double periodic array is shown in Fig. 3-15 where
7 Note that Eq. (3.76) represents (3.86) for a through cracking scheme, where the macroscopic stress is
equivalent to the bridging stress E = Ub.
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the normalized distance from crack center, t = X/a, is plotted against the normalized COD,
fcoD = u(x)Ko/2a(1 - , , for a given non-dimensional bridging stiffness:
c = 2akb/Ec (3.87)
In this figure, the crack array is described by W/a = 2.5 and H/a = 2.0.
Wang et al. [81] provide an asymptotic solution for the normalized post-cracking stiffness
for this double periodic configuration based on Eqs. (3.73) and (3.86):
K 1 - y n cos 7a \1 (3.88)Ko [ 7H (W
where
1 = 1 + 4sin 2 7" exp (-2 H) + 2ir(H/W)
77 VW [l-exp(-27) (1-exp(-27rj?)) 2  (3.89)
S(I)2 In (cos (,,a))
As with the through crack solution for K 1 (3.80), this solution has a post-cracking stiffness
which evolves with progressive cracking. In addition, this solution shows post-cracking stiffness
positively correlated with several crack geometry properties and micromechanical properties
through the last term of the rp expression, cW 2 /27ra 2 . The crack geometry properties include
the ratio of vertical crack spacing to horizontal crack spacing H/W, which is analogous to
the crack spacing to fiber length ratio Xcr/Lf, and the ratio of horizontal crack spacing to
crack half-length W/a, which is analogous to the crack width development u*/u described in
the through crack analysis. The micromechanical properties which improve the post-cracking
stiffness include the snubbing factor g., the ratio of interface strength to interface friction
strength, Tu/Ti, the fiber volume content cf, and the ratio of fiber stiffness to composite stiffness,
Ef/KO. Most of these parameters may not vary much across different HP2C-type materials,
particularly the micromechanical parameters gs, Tu/Ti, and Ef/K. The increase of fiber
volume content cf offers the only clear and dramatic way for one to improve post-cracking
stiffness through the modification of micromechanical parameters.
By neglecting bridging stresses, c = 0, one can compare the Karihaloo solution to the
homogenization solution of the post-cracking stiffness of a cracked FRCC material given in
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Figure 3-16: Normalized Post-Cracking Stiffness
Ccr for Different H/W ratios.
K 1 /Ko as a Function of Crack Volume Content
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Section 3.2.3. The crack volume content can be estimated for this 2-D configuration:
7rau (xz = 0) (27 (1 - V2 2)rCOD 
cr = =n lCD (3.90)2WH Ko WH
where u (x = 0) is the COD at the center of each crack. Setting fCOD = 1.38, vm = .2, KO/Ec,
2500 (which gives a crack aspect ratio u/2a ~~ 1/1000), the normalized post-cracking stiffness
K 1 /Ko is shown as a function of crack volume content ccr in Figure 3-16. As shown in the figure,
as the H/W ratio increases, the cracked composite stiffness decreases for the same crack volume
content. The Karihaloo solution is compared to the homogenization solution for a cracked
unreinforced matrix as given by the homogenization solution (see Section 3.2.3) for u/2a =
1/1000. As demonstrated, the Karihaloo solution agrees qualitatively with the homogenization
result. However, the homogenization solution exhibits a higher stiffness, perhaps due to the
favorable orientation of the cracks, i.e. randomly oriented as opposed to perpendicular to the
direction of loading.
Finally, to generate a stress-strain curve, Karihaloo and Wang [43] postulate a microcrack
evolution law based on experimental evidence:
= + ( "")Wsa (3.91)
where the subscript "sa" denotes the corresponding value at microcracking saturation and
(a 2 /WH) is a measure of the crack density. Eq. (3.91) suggests that the post-cracking stress
never dips below the stress value at first cracking E, > E-. The stress at microcracking
saturation, E2 , is equivalent to the tensile capacity of the composite which Karihaloo et al.
estimate to be:
E2 = asaomu (1 - cf) + 3 ,aTucf f (3.92)
where aCsa = 1 and 8,a = 0.5 are empirical constants [4, 45]. This estimate for E 2 is much
higher than that provided by Li and Leung [60] given in (3.84). However, unlike Li and Leung's
estimate, (3.92) is an empirically derived expression. The evolution of microcracks can then be
determined from Equations (3.88) and (3.91) giving a stress-strain relation in the post-cracking
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HP2C Test Parameters
Gauge Length, L. 40 mm
Fiber Volume Content, Cf 3%
Fiber Modulus, Ef 200 GPa
Fiber Length, Lf 13 mm
Fiber Radius, rf .1 mm
Through Crack Solution Parameters (assumed)
Interface Strength, -, 6 MPa
Interface Friction Strength, T. 4 MPa
Snubbing Factor, g, 2.32
Fiber Poisson's Ratio, v1f .3
Matrix Modulus, Em 45 GPa
Matrix Tensile Strength, C-mu 6 MPa
Fracture Toughness, KIc,m 200 kN/m 3 / 2
Matrix Poisson's Ratio, Vm .2
Matrix Fracture Toughness, I'm 40 J/m 2
Crack Spacing, Xd 13 mm
Karihaloo Solution Parameters (
Bridging Stiffness Parameter, c
Crack Spacing Geometry, H/W
Saturation Crack Density, a2 /WH
Table 3.1: Micromechanical Values of the HP2C Test and
Schemes.
assumed)
.01
1
.25
Assumed Values for the Prediction
regime obtained incrementally:
AE - AZcr
K 1 (Ecr)
(3.93)
3.5 Generating the Complete Stress-Strain Curve
The stress-strain graph displayed in Figure 3-17 compares the Karihaloo double periodic array
method and the through crack scheme with HP2C tensile data from Boulay et al. [9]. The
known material parameters from the HP2C test data, as well as the assumed values which are
required for the prediction schemes, are given in Table 3.1. Both the stress-strain predictions are
based on Eqs. (3.18) for the elastic modulus KO, (3.57) for the cracking strength E- , (3.72) for
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Figure 3-17: Comparison of the Karihaloo Solution and the Through Crack Solution with HP2C
Data (from Boulay et al. [9]).
the post-cracking strength E', and (3.84) for the composite yield strength E2. The Karihaloo
and through crack solutions shown in Figure 3-17 differ only in the post-cracking stress-strain
predictions: (3.88), (3.91), and (3.93) for the Karihaloo prediction and (3.82) for the through
crack prediction of K 1 . The HP2C test was performed on a notched specimen, the tensile data
was given as a load-displacement set. To convert this data from load-displacement data into
stress-strain data, the stress in the specimen was taken to be the effective stress at the notched
cross-section; the strain was calculated as the total displacement normalized by the entire test
gauge length.
Figure 3-17 shows the ability of the through crack scheme to reasonably model the post-
cracking behavior of HP2C. The through crack prediction is also relatively uncomplicated,
requiring only 14 micromechanical parameters listed in Table 3.1. This includes five fiber-
related parameters (cf, Lf, rf, Ef, and vf), six matrix-related parameters (Kic,m, Pm, O-mu,
Xd, Em, and in), and three interface-related parameters (Ti, 7,, and g,).
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Normalized Macroscopic Parameters Micromechanical Parameters
Elastic Stiffness, Ko/Em Cf; I-; Vm f
Post-Cracking Stiffness, KI/Ko c; ; .f
Cracking Strength, E>2/Umu cf; ; L'm cm ;;m; s
Post-Cracking Strength, E+/E- cf; Lm g; S
Composite Yield Strength, E2/Tr cf; ; g9
Table 3.2: Micromechanical Input Parameters for the Prediction of Stress-Strain Behavior.
By contrast, the Karihaloo solution shows little relation with the behavior of the given HP2C
data. This may stem from Karihaloo scheme's tailored solution for cementitious materials with
very stiff strain hardening, not one which is easily damaged with cracking or shows a brittle
stress drop at first cracking (see [45]). On the other hand, this discrepancy may result from
a poor selection of Karihaloo scheme parameters displayed in Table 3.1. In addition, the use
of a notched test may not correlate to Karihaloo's geometrical setting, i.e. an unnotched test.
Regardless, both the Karihaloo solution and the through crack scheme provide insight into the
processes involved in post-cracking behavior, suggesting methods for improving post-cracking
stiffness.
3.6 Chapter Summary
In this chapter, the link between the micromechanical behavior and the macroscopic behavior
was presented. The micromechanical behavior at the level of a single fiber presented in the
previous chapter was extended to take into account the aggregate fiber behavior and how
it affects the post-cracking behavior in FRCC materials. This aggregate fiber behavior and
cracking in the matrix was studied using continuum micromechanics and fracture mechanics.
These models provide reasonable prediction formulas for the stress-strain behavior of FRCC in
tension. This included solutions for the following macroscopic parameters: the virgin composite
stiffness K 0 , the cracked composite stiffness K 1 , the composite stress before and after first
cracking, E- and E', and the composite yield strength E 2 .
Table 3.2 shows the governing micromechanical parameters for the macroscopic parameters.
This table clarifies how significantly each parameters affects the macroscopic behavior:
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" The elastic stiffness KO, as given by Eq. (3.18), is most affected by cf and Ef/Em. The
fiber aspect ratio LfJ/2rf was shown to have little effect on the elastic stiffness as shown
in Figure 3-5. The Poisson's ratios for the matrix vm and fiber vf have little effect on
the elastic stiffness, especially considering that these values do not change significantly in
different FRCC materials.
" The post-cracking stiffness K 1 , as given by Eqs. (3.80) and (3.88), is highly dependent
on the fiber volume content cf. Figure 3-7 also demonstrates how the crack morphology
plays an important role on post-cracking stiffness. The other micromechanical factors do
not change much over different FRCC types.
" The cracking strength E-, as given in (3.57), is highly dependent on the fiber volume
content, as displayed in Figure 3-10. In addition, the matrix strength, a-mu, and inherent
flaw size in the matrix, through the (Kic,m/umu)2 /Lf factor, also dictate the cracking
strength of the composite. The fiber aspect ratio was shown to have little effect on the
cracking strength in Figure 3-10.
" Equation (3.72) shows that the fiber volume content is the most dominant micromechan-
ical parameter controlling the post-cracking strength E+ (see Figure 3-12). However,
dissipative mechanisms in the matrix can also affect the post-cracking strength through
micromechanical factor Fim/ (Lfjomu). The other micromechanical parameters do not vary
much for different FRCC materials.
" The composite yield strength E2 , given in (3.84), is controlled by the quality of the matrix-
fiber interface. This includes the total surface area of their interaction, through the fiber
volume content cf and the fiber aspect ratio Lf /2rf, but also the strength of the interface
friction, T2 .
In this chapter, the micromechanical processes which affect the macroscopic behavior of
FRCC materials were reviewed using various theoretical schemes. In this way, a prediction of
the macroscopic effect of micromechanical parameters is provided. In other words, the salient
micromechanical input parameters which affect macroscopic behavior are identified. This will
serve as the basis for the development of a macroscopic HP2C model in the next chapter.
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Part II
MATERIAL MODELING
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Chapter 4
A Two Phase Composite Model in
1-D
In the previous chapters, the micromechanics of FRCC and HP2C materials was investigated.
More specifically, the effect of micromechanical processes and properties on the macroscopic
behavior was elucidated. These effects originate from different scales involving different mech-
anisms, ranging from elasticity to fracture. The focus of this chapter is the development of
a macroscopic constitutive model that captures the various mechanisms that occur at a scale
below. This model is formulated with respect to two main considerations:
e The model captures the micromechanical processes observed in the material, as outlined
in Chapter 3. This includes the elasticity, cracking, and yielding of the cementitious
composite.
o The model is able to reproduce the mechanical behavior observed at a macroscopic ma-
terial level. That is, this model must approximate the experimentally-determined stress-
strain response of cementitious composite materials.
To meet these general requirements, a two-phase macroscopic composite model is proposed,
one phase representing the cementitious matrix, the other phase the reinforcing fibers. In
addition, the matrix-fiber interaction is taken into account as internal cross-effects (i.e. ther-
modynamic couplings) between the irreversible deformations of the composite constituents.
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From 1-D thermodynamics, the partial stresses in the matrix and the fibers are derived as
thermodynamic forces associated with the irreversible deformations of the matrix and fibers,
respectively.
Unlike the micromechanical models reviewed in the previous chapter (see also [41,45]), this
macroscopic model allows one to deal with the material behavior of FRCC in a continuous
manner through the various stages of material and damage evolution. This will allow one to
extend the 1-D model to 3-D in a straightforward manner. This 3-D model, developed in
Chapter 5, will form the basis for the simulation of HP2C structures. This is the primary
advantage of a macroscopic approach to modeling.
The 1-D model presented in this chapter only deals with the macroscopic behavior and
micromechanical processes observed during tensile loading. That is, the ductile mechanics
of HP2C materials, which is the focus of this thesis, is also the chief focus of this model.
Accordingly, the compressive capacity of FRCC materials is not accounted for in the 1-D model.
However, this model will form the foundation for the 3-D HP2C model which deals with the
stress capacity of HP2C materials in the entire range of possible 3-D stress applications, e.g.
compression, tension, shear, and so on.
4.1 Constitutive Model for Matrix-Fiber Couplings
The macroscopic stress-strain behavior (macroscopic stress E macroscopic strain E), originally
presented in Chapter 3, is displayed in Fig. 4-1, modified slightly to reflect the less ductile
behavior of FRCC materials. In the previous chapter (see Section 3.1), this general stress-strain
behavior was presented in the context of the manifestation of micromechanical processes. In
this chapter, the focus lies mainly with reproducing this stress-strain output. The stress-strain
output can be described by three stages (see also Section 3.1):
Stage 1 - Initial Elasticity: When the composite is first loaded, it behaves elastically
with a modulus of Ko as the fiber and matrix are intact. Typically, the matrix will undergo
significant cracking when the composite reaches a stress El, resulting in a lower composite
stress E+ immediately following cracking.
Stage 2 - Post-Cracking Behavior: After the matrix cracks, there is a second linear
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Figure 4-1: The Simplified Stress-Strain Curve for the Two-Phase Model.
stage with a stiffness of K 1 as the fibers bridge the cracks in the matrix.
Stage 3 - Yield and Failure: Finally, the material will yield and fail at a macroscopic
stress of E 2 . The yield stress E2 is taken to be the strength limit of the material. Tension
softening behavior exhibited in FRCC and HP2C materials is neglected. Therefore, the model
only represents the behavior of these materials only up to the point where the yield capacity is
still dependable for use at the structural level.
4.1.1 Two-Phase Composite Model
A 1-D two-phase rheological device, which can reproduce the macroscopically observed com-
posite material behavior, described by the three stages, is illustrated in Fig. 4-2. In addition,
the model also captures the micromechanical behavior of the composite material. The device
is composed of two parallel sub-devices which have the same macroscopic (or external) strain,
E. These sub-devices represent the individual behaviors of the composite constituents, matrix
and fibers.
A sub-device consisting of an elastic spring (stiffness CM) and a fragile plate device (strength
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CM CF
Figure 4-2: Two-Phase Composite Model.
ft) models the elastic-brittle behavior and the cracking state of the cementitious matrix. This
sub-device is referred to as the composite matrix. The composite matrix behavior can be
related to micromechanical descriptions of cementitious matrix behavior outlined in Chapter
3. The elastic spring symbolizes the elastic contribution of the cementitious phase as given in
Eqs. (3.18), (3.19), or (3.29). The fragile plate device represents the brittle behavior of the
cementitious matrix, exhibited upon first cracking. This is described by Eqs. (3.45) and (3.57),
where the cracking strength of the composite is mainly described by the fracture resistance of
the cementitious matrix.
The other sub-device, which reproduces an elasto-plastic material behavior, consists of an
elastic spring (stiffness CF) in series with a friction element (strength fy). This sub-device,
which models the reinforcing fiber phase, is referred to as the composite fiber. The elastic
spring symbolizes the elastic contribution of the fibers calculated in Eqs. (3.18), (3.19), or
(3.29). The friction element represents the plastic pullout behavior of the reinforcing fibers
during composite yielding, expressed in (3.84).
The two parallel elements are coupled by an elastic spring of modulus M, which links the
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irreversible composite matrix behavior (plastic strain e) with the irreversible composite fiber
behavior (plastic strain c). This coupling spring represents the lumped behavior of the stress
transfer mechanisms in FRCC and HP2C materials after cracking. This includes elastic shear
stress transfer from fibers to matrix through their interface, as described by Eq. (2.3), and
intact cementitious matrix ligaments which transfer stresses after cracking, represented in Eq.
(3.73) or (3.77). The plastic strain in the composite matrix e captures the cracking strain
in the cementitious matrix, while the plastic strain in the composite fiber eP symbolizes the
plasticity regarding the fiber phase, i.e. fiber pullout slippage or fiber yielding.
The five model parameters described here (CMA, CF, ft, fy, and M) govern the model's
macroscopic behavior. These model parameters are based on macroscopic material parameters,
capturing behavior observed at the micromechanical level, but should not be confused with
micromechanical properties. Indeed, all quantities are introduced at the macroscopic level
of the composite material (i.e., typical scale of laboratory test specimens): the macroscopic
stress E is related by equilibrium to external forces, and E denotes the total measurable strain.
Furthermore, the irreversible composite matrix deformation EP and composite fiber deformation
EP deformation are macroscopic quantities. All stress and strain quantities are understood in
this macroscopic sense.
The macroscopic stress E is comprised of stresses aM and OF, representing the resulting
stresses acting on the crack element and the frictional device, respectively 1 :
E = 9M + O (4.1)
where the elastic stress-strain relationship is:
/ CM + CF -CM -CF E
0M CM -(CM + M) M EP (4.2)
UF CF M -(CF + M) E P
The stresses uM and UF will be referred to as composite matrix and composite fiber stress,
'While in previous chapters, subscripts "iM" and "f" referred to the actual matrix and fiber phases in FRCC
and HP2C at a micromechanical level, subscripts "M" and "F" refer to the macroscopic behavior of the composite
matrix and the composite fiber of the two-phase model.
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respectively, representing the stresses given by the two-phase model. In contrast to stress E,
they are not related by mechanical equilibrium to external forces a priori. In other words, they
are rheological in nature, or as shown in subsequent sections, of a pure thermodynamic nature.
From elementary equilibrium considerations, the composite stresses are initially constrained
by a set of loading functions, comprised of individual loading functions for the composite matrix
fM and the composite fiber fF. Violation of individual loading functions is captured by F, which
is the maximum value of all the loading functions:
F(TM, crF) = maxffA(UM), fF(aF) fm(am) = -ft 0 (4-3)fFCF) -IUF I- fy 0
where ft and fu denote the stress thresholds associated with composite matrix cracking and
composite fiber yielding, respectively. When the composite matrix strength criterion is violated,
fM > 0, cracking occurs in the composite matrix. Upon cracking, the brittle composite matrix
obeys the unilateral contact condition:
aM < 0 EP > 0; =MEP 0 (4.4)M - ' MM
which represents the capacity of the composite matrix to carry only compressive stress, aM < 0,
when the matrix cracks are closed, EP = 0, and a zero stress condition, UM = 0, when the
matrix cracks are open, eP > 0. Regardless of the cracking state in the matrix, the composite
fiber phase obeys the standard elasto-plastic Kuhn-Tucker conditions [75]:
fF(UF) < 0; dAF 0; fF(UF)dAF = 0 (4-5)
where dAF = dF is the plastic multiplier that expresses the intensity of the plastic yielding
in the composite fibers in the direction of the plastic flow, OfF/OaF = sign(crF). The evolution
of the composite matrix phase and the composite fiber phase during strain driven loading is
illustrated in Fig. 4-1.
Consider now a strain driven tensile experiment on the composite material described by
constitutive equations (4.1) to (4.5).
Stage 1 - Initial Elasticity: The composite material behaves elastically, with a macro-
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scopic modulus KO= CM + CF, for:
F = max {fl, fF < 0 - Z A+ JF = (CM + CF)E (4.6)
Equation (4.6) is the composite mechanics analogue of (3.18) and (3.19), where Cm and CF
describe the stiffness contributions of the actual cementitious matrix and reinforcing fibers.
Using the normalized stiffness solution KO/Em for randomly oriented fibers as given by the
homogenization solution (Eq. (3.28)), one can estimate these model parameters to be:
Cm = Em; CF jKo _ -1) Em (4-7)
Em
Figure 4-3 shows the values for the composite stiffness ratio K = CF/CM as given by Eq. (4.7)
for a typical FRCC material, Ef/Em = 10, and a typical HP2C material, Ef/Em = 4, with the
following shared parameter values: Lf /2rf = 10, vum = 0.2, and vf = 0.3.
It is assumed that the composite matrix cracking occurs prior to composite fiber yielding,
as is often the case for standard applications of FRCC:
K< p -> F = max{fAl, fF} =-UM - ft :50 (4.8)
where p = fy/ft denotes the composite fiber-matrix strength ratio. Given typical fiber volume
fractions of FRCC materials, cf 5 6%, r, < 1 (see Fig. 4-3).
The onset of cracking occurs when macroscopic strain E 1 = ft/CM, which gives the following
stress states:
(1 + K)ft
EP- = 0 : ft (4.9)
aF ~= Kft
- F'1- -CM+Mft
P+- CMM +j =a-ft=0 (4.10)
0+ + + M ftw oF t CM+My
where superscripts - and "+i-" represent the behavior of the model immediately prior to and
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Figure 4-3: Composite Stiffness Ratio r as a Function of Fiber Volue Content f for a Typical
FRCC Material and a Typical HP2C Material.
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after cracking in the fragile plate device of composite matrix. The macroscopic stress before
cracking E- is akin to the micromechanics solution (3.45), showing that ft is equivalent to the
tensile strength capacity of the cementitious matrix amu:
ft -c0mu (4.11)
Stage 2 - Post-Cracking Behavior: Due to coupling effects, the matrix cracking leads
to an instantaneous activation of the composite fiber stress 9F- Since aM = 0 after cracking
(perfect brittle behavior according to (4.4)), aF coincides with the macroscopic stress E im-
mediately after cracking (i.e. Eq. (4.1)). From the onset of cracking, the permanent strain
increments are governed by:
d p= Cm dE; dE?=0 (4.12)
M CM+M ± F
The tangential stress relation reads:
dE=daF C dE (4.13)
2 CmM
CM++MCF- M =MCF+ -M (4.14)
where C' K 1 is the post-cracking stress-strain slope which, according to the two-phase
composite model, must have a (stress) Y-axis intercept value of E,= 0 (see Fig 4-1). Because of
the assumed elastic fragile matrix behavior, and for M = const., the following upper and lower
bound for the coupling modulus M can be suggested:
0 < M < oo (4.15)
The lower bound, M -+ 0, corresponds to a zero matrix-fiber stress transfer, for which K 1 = CF.
The upper bound, M -+ oo, refers to a complete matrix-fiber stress transfer, for which K 1 = Ko.
In between these limit cases, coupling modulus M accounts for the possibility of stress transfer
from one phase to another.
The coupling modulus M represents the lumped interaction behavior between the actual
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cementitious and reinforcing fiber after cracking (see Section 3.4.2). An appropriate value of M
can be set such that the post-cracking behavior approximates the micromechanical predictions
for K1 (4.14), as provided by Eq. (3.82):
MZ=CM  KO-K ) (4.16)
KO -- K1
Stage 3 - Yielding: Finally, when the post-cracking strain increases to E2 = fy/C , the
composite fiber phase will begin to yield:
2 'r OF f (4.17)
M
and, because of the assumed ideal plastic behavior, it is described by:
deM = dEF = dE; dE = dUF = 0 (4.18)
Here fy, which is equivalent to the material yield strength, can be estimated micromechanically
from Eq. (3.84) which expresses the composite yield strength (see Section 3.4.2):
fy = gs fTi (2§) (4.19)
2 2rf
where g, is the snubbing factor, ri is the interface friction strength, Lf is the length of the
reinforcing fibers, and rf is the radius of the fiber.
4.1.2 Model with a Brittle-Plastic Matrix
The assumption of an elastic-brittle composite matrix behavior is only a first approach for
characterizing the behavior of a cementitious matrix reinforced with fibers. In fact, due to
plastic dissipation at the matrix-fiber interface which initiates upon first cracking, a fiber-
reinforced matrix may exhibit an apparent residual frictional strength after cracking. This
is shown in Fig. 4-4 as the composite matrix maintains stresses after cracking. A brittle-
plastic composite matrix behavior can be included in the rheological model as illustrated in
Fig. 4-5 to account for the residual friction strength exhibited by a fiber-reinforced matrix
(e.g., Eq. (3.72)). This is accomplished with a sixth material parameter, ky, which denotes
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Figure 4-5: The HP2C Model with a Brittle-Plastic Matrix.
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:.K
the residual friction strength of the composite matrix after the brittle fracture. This revised
two-phase model will be referred to as the HP2C model, as this model more aptly represents
the dissipative mechanisms in HP2C materials. For this case, the following loading functions
describe the initial and post-cracking elasticity domain of the HP2C material:
F = maxffM, fF}:[ f.A(am) = oa - (ft + k,) 0 (4.20)
fF(CrF) = FI - fy < 0
After cracking, the composite matrix behavior is governed by joint unilateral contact conditions
and Kuhn-Tucker conditions:
e=0: fM(UA) = 7M - ky 0; eP > 0; f'A(uM)EP = 0 (4.21)
eP > 0: fm(U) = I - ky 0; dAM 0; fm(Um)dAM = 0 (4.22)
where dAI = dMJ is the plastic multiplier that expresses the intensity of the plastic yielding
in the composite matrix in the direction of the plastic flow, Ofm/&orM = sign(Om). The
composite matrix loading conditions change with different plastic strain states after cracking.
When the crack is closed eP = 0, the composite matrix can carry unlimited compressive
stresses and tensile stresses of intensity ky. When the crack is open eP > 0, the composite
matrix stresses are limited in compression and tension by ky. This new parameter ky is related
to the dissipative mechanisms which are activated upon first cracking. Through the different
states of plastification in the composite matrix, the elasto-plastic conditions in the composite
fiber are constant, and continue to be expressed by the Kuhn-Tucker conditions given in Eq.
(4.5).
Stage 1 - Initial Elasticity of HP2C: The first stage of the HP2C proceeds as the two-
phase composite model with the same elastic behavior described by (4.6). Note, however, that
the failure of the composite matrix is now governed by the strength ft + ky at first cracking:
K < 4-> F = max{fm, fF} = aM - (ft + ky) 0 (4-.23)ft + k
The onset of cracking occurs for E1 = (ft + ky)/CM, which corresponds to the following com-
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posite stress states:
(1 + K) (ft + ky)
EP 0 or ft + k) (4.24)
a - = (ft + kv)
E =M - ft = ky (4.25)
Equations (4.24) and (4.25) show the effect of ductile mechanisms on the first cracking strength
E- and post-cracking strength E+, through parameter ky. That is, Eqs. (4.24) and (4.25)
more accurately reflect the fiber pullout dissipation that occurs with cracking as shown by
micromechanical analysis for first cracking (3.57) and post-cracking (3.72). After cracking, the
composite material experiences a stress drop which is related to the brittle composite matrix
strength ft. For the elastic-brittle composite matrix behavior previously presented, the brittle
strength ft could be directly related micromechanically to the strength of the cementitious
matrix om, as given in (4.11). However, for this brittle-plastic composite matrix, ft more
accurately represents the brittle strength loss at first cracking:
M +CM (E - E+) (4.26)CM
where E- and E+ can be determined micromechanically from (3.57) and (3.72) respectively,
and M and Cm from (4.7) and (4.16), respectively. Consequently, ky can be expressed:
~ky Mr,- K - (E - E+) (4.27)Ko 1Ko - K1
Stage 2 - Post-Cracking Behavior of HP2C: After cracking, the permanent strain
increments are governed by Eq. (4.12) and the tangent modulus of the post-cracking elastic
stage is K 1 = CM given by Eq. (4.14). This will give a behavior very similar to that of
the composite model presented before; however, this HP2C model will have a higher strength
capacity due to the residual stress, ou, = k,, in the composite matrix.
Stage 3 - Yielding of HP2C: When the post-cracking strain increases to E 2 , the plastic
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fiber will begin to yield:
fy + (C+M ky
E2 = CPM = M + F = ky + fy (4.28)
and, because of the assumed ideal plastic behavior, it is described by:
dEc = deF = dE; dE = dF + doMr = 0 (4.29)
Because of the post-cracking contribution provided by the composite matrix, the micromechan-
ically determined yield strength of the composite fiber is:
fy = gCf T' ( f ky (4.30)
2 2rf
Thus, fy in this HP2C model represents the portion of the yield strength E 2 which is not carried
by ky. In other words, fy corresponds to the additional yield strength provided by fibers at a
macroscopic scale.
4.2 Energy States and Energy Transformation
The ductility of FRCC and HP2C materials as given by the two-phase model and the HP2C
model was explored in terms of post-cracking strength in the previous section. However, the
ductility can be more suitably characterized in terms of energy dissipation, i.e. ductile versus
brittle energy dissipation or total post-cracking energy dissipation. In this way, this section is
devoted to the study of the energy state and its transformation related to the two-phase models.
First, some fundamental elements of thermodynamics are reviewed.
4.2.1 Elements of 1-D Thermodynamics
The First Law of Thermodynamics requires the conservation of energy in all of its forms:
dU = dW + dQ = EdE + dQ (4.31)
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Equation (4.31) states that the change in internal energy dU is comprised of the work dW =
EdE and the supplied heat dQ. The Second Law of Thermodynamics states that the internal
entropy of a system dS is always greater than or equal to the external entropy supplied from
heat:
TdS;> dQ (4.32)
where T is the absolute temperature. Combination of the First and Second Laws provides the
Clausius-Duhem inequality, which describes the intrinsic energy dissipation of a system pidt as
a function of the difference between the internal and external entropy in the system:
oidt = E dE - dP - SdT > 0 (4.33)
where the free (Helmholtz) energy, 0= U - TS, describes the energy state in a given system.
4.2.2 Energy States of the Composite Model
The free energy V) of the (isothermal) two-phase system can be explicitly expressed for both
the two-phase model and the HP2C model as the recoverable energy stored in the springs (see
Fig. 4-2 or 4-5):
4=,(E, g, eP) - ~CA1(E - )2 +1CF(E-_)2 + M (S-- 2 (4.34)
Here, the free energy 4 describes the energy states of this system as a function of the state
variables: the total strain, E, and the composite plastic strain components, eP and eP. The
use of (4.34) in (4.33) then yields:
pjdt = MdEp + Fde ;> 0 (4.35)
along with the state equations:
E= 0-=(Cm +CF) E - CE - CFE1F = UM + F (4.36)
OE
am= CAE -(Cm + M)eP + MeF (4.37)
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oF = CFE - (CF + M) EP + MEP (4.38)
Equations (4.35) to (4.38) allow one to formally identify the composite model stresses, am and
OF, as the thermodynamic forces associated, in the dissipation (4.35), to the increments of
internal strain variables, dEP and de', respectively. These are the driving forces of the mech-
anisms that provoke the dissipation (4.35), i.e. the transformation of a part of the externally
applied mechanical energy (EdE) into heat form.
The composite model stresses am and aF are parameters which, unlike E, are not related
to external forces a priori. That is, the composite stresses cannot be separately identified at
the macroscopic material level. Instead, set within the framework of thermodynamics, the
composite stresses are internally linked, derived from energy considerations. This is discussed
further in the following chapter with regard to the more general 3-D case.
The overall elastic composite stiffness, CM + CF, is derived from:
C- +CF =E2j=Ko (4.39)
and the composite stiffness, CM and CF, are defined by the Maxwell symmetry relations:
C _-- E &E- _e a ; C F -- OaF 0 (4.40)
- E O E - EMe, OE - aE - OE
Again, from an energy point of view, the stress additivity in (4.36) does not result from the
assumption of free energy additivity of the composite components (matrix, fiber, interface), as
commonly stated in the modeling of composite materials (e.g., [11]). Rather, stress additivity
stems from the symmetry of the matrix-fiber coupling:
M-OUM _ &Od _ 02,M = OM- (F- a )(4.41)
8eF m SM F
In fact, Maxwell-symmetry relation (4.41) defines the coupling modulus M, which represents
the composite matrix stress, UM, induced per unit of irreversible composite fiber deformation
F
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Figure 4-6: Energy Dissipation for an FRCC Material and an HP2C Material: (a) Due to
Matrix Cracking, -[lcr, i.e. Eq. (4.45); (b) Due to Matrix Yielding, -[[L]],, i.e. Eq. (4.46);
(c) Total Dissipation, i.e. Eq. (4.44).
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4.2.3 Energy Transformations of the Composite Model
For the two-phase model, which characterizes a composite material where fiber pullout dis-
sipation is insignificant compared to cementitious matrix cracking, energy dissipation at first
cracking occurs in the fragile plate device. For this case of a perfect brittle matrix behavior
(4.4), the elastic energy stored in the composite matrix is dissipated, in an instantaneous way,
during the brittle matrix cracking. In a strain driven experiment, in which one can set dE = 0
upon matrix cracking, relations (4.10), (4.33), (4.34) and (4.37) yield this dissipation of energy
in the form:
1 f 2
-+dt =(4.42)
t 2 Cm + M
In turn, after matrix cracking, the dissipation is only associated with fiber yielding mechanisms,
which comprises at the microscopic level debonding, fiber pull-out, localized fiber yielding, etc.
At the macroscopic level of the composite model, it is given by:
aMd' M 0 -+ idt = dAFfy > 0 (4.43)
For the HP2C model, the energy dissipation during the cracking of the composite matrix is:
-[[] = 9- -- + = jdt = C -M ( + 2) > 0 (4.44)
This total dissipation is comprised of two terms: the one associated with pure matrix cracking:
-[[01c-1 f= t > 0 (4.45)[Wcr 2 C+M -
and the one associated with the friction mechanism activated upon cracking, or composite
matrix yielding:
-[[I + C M 2=tPcr X (2[ x 0 (4.46)
Fig. 4-6 displays the energy dissipation as given by the two-phase model (denoted as "FRCC"
in the figure) and the HP2C model. As shown in the figure, the entire energy dissipation
during cracking in the two-phase model is associated with cracking -[[/]]cr. However, the
HP2C model shows improvement in energy dissipation, and consequently post-cracking stability
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(lower macroscopic stress drop), due to ductile dissipation from matrix yielding -[[o]]. The
micromechanical sources of these macroscopic energy dissipation parameters are explored in
the following section.
After cracking, the energy dissipation is associated with both composite matrix yielding,
which initiates upon cracking, and composite fiber yielding, which occurs in conjunction with
the composite matrix yielding:
(am - ky) de~ = 0 -- + <pldt = dAmky + dAFfy 0 (4.47)
Finally, a comparison of (4.42) with (4.44)-(4.46) on the one side, and of (4.43) with (4.47)
on the other, highlights the two sources of increased dissipation due to a residual friction
strength ky. This residual strength is activated during matrix cracking, i.e. (4.46), in addition
to the dissipation of energy by creation of fracture surface, which is expressed by (4.45); and it
continues to dissipate energy during subsequent loading, i.e. dAMky in (4.47).
The friction strength-to-fracture strength ratio ku/ft in (4.44) and (4.46) appears as an
additional dissipation degree of freedom, which will be referred to as the ductility ratio:
( ) 110(4.48)ft -2[[O]]cr
It represents a ratio between the composite matrix frictional energy dissipation and the compos-
ite matrix cracking energy dissipation. The following upper and lower bound for the ductility
ratio ky/ft can be suggested:
0 < -y < oo (4.49)
- ft
The lower bound, ky/ft -+ 0, corresponds to a complete stress drop after first cracking, E+ -4 0,
which is the elastic-brittle limit case. The upper bound, ky/ft -+ oo, refers to a negligible stress
drop after first cracking, E+ -+ E-, which is the elasto-plastic limit case. For this upper bound,
first cracking is signified by the change in composite stiffness after cracking K 1 : KO, which
represents plastic hardening.
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Figure 4-7: Micromechanical Cracking Mechanisms in HP2C.
4.2.4 Micromechanical Examination of Energy Dissipation
In this section, the macroscopic ductility ratio parameter is related to energy dissipation pro-
cesses first explored in Section 3.3.3. When HP2C first cracks, transverse cracks form in the
matrix. This is accompanied by fiber pullout as depicted in Fig. 4-7 for a single fiber. As in
Section 3.3.3, it is proposed that the brittle cracking, ft, is comprised of irreversible fracture
processes at first cracking, the cracking of the cementitious matrix. This was first represented
in Eq. (3.69) by the term Fm which refers to the fracture energy the cementitious matrix.
In addition, it is suggested that the composite matrix yielding, ky, represents friction at the
fiber-matrix interface which is due to (plastic) fiber slip. This was also described in Eq. (3.69)
as the energy dissipation originating from fiber pullout, f0 +-b(u)du.
Assume that upon first cracking of a tensile specimen of transverse area A and characteristic
structural length L8, cracks with a total area A, form in specimen. Unlike the approach used
in Section 3.3.3, no assumptions are made about the shape of the cracks, only that their total
transverse area is A,. One can relate the fracture process to the material parameter ft, by
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setting the macroscopic dissipation (4.45) equal to the micromechanical dissipation (3.69) [10]:
-[[7]crALs oc Fm(1 - cf)Ac (4.50)
Because no assumptions are made about the COD profile (this was assumed to be constant
for the through crack solution) or the width of a single crack (previously assumed to be the
entire transverse area of the tensile specimen), it is difficult to estimate the energy dissipation
due to fiber pullout. One can estimate the yielding at cracking to be an effective interface yield
percentage, ny, of the total possible dissipation occurring at first cracking through interface
yielding and interface friction through fiber slip for the fiber traversing the cracks of area A,.
This consideration allows comparison of the macroscopic dissipation (4.46) to this estimate of
the micromechanical dissipation:
rfyALs o nY Ac (4.51)
rf
where T is the friction strength of an (assumed) elasto-plastic interface, Lf is the length of the
fiber, rf is the radius of the fiber, and gs is the snubbing factor given in Eq. (3.56).
Relations (4.50) and (4.51) together with (4.45) and (4.46) give qualitative solutions for ft
and ky:
ft 0c Vrm(Cm + M) (Fm(1 - cf)Ac) (4.52)
1 nygscfTiL\ I 1k x Ic Im(CAI + M) (4.53)
Ly orf (m(1 - cj)Ac)
where m = Ac/A represents the ratio of cracked transverse area to total transverse area of the
ligament. Equation (4.52) suggests that ft and can be enhanced by increasing the modulus of
the matrix, i.e. Ko ~ CM, and/or by increasing the fracture energy of the matrix Pm. In turn,
2 The effective yield percentage ny can be roughly approximated as a function of an effective post-cracking
COD u+ and the length of the fiber Lf:
ny 0C
Without specific knowledge about the shape and distribution of the cracks, it is difficult to determine an effective
post-cracking COD. However, the through cracking solution presented in Chapter 3 suggests that u+ is a material
parameter, as exhibited by the independence of E+ and u+ in (3.72).
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Eq. (4.53) shows that k. can be increased with a high fiber aspect ratio Lf/2rf, high interface
friction strength Ti, and a high fiber volume fraction cf. Furthermore, both composite matrix
strength parameters, ft and k., are controlled by a factor L. 1/2, indicating a potential size
effect, related to the underlying fracture process. This is readily understood for the fracture
of the cementitious matrix [7], but it may equally apply to the slip mechanism (strength ky)
activated by the matrix fracture. On the other hand, this structural size effect skips out, when
determining an estimate for the ductility ratio from (4.52) and (4.53):
- oc nygs Lf (T.LI) Cf (4.54)
ft ) 2 Pf Fm (1-- Cf)
From (4.54), it appears that the ductility ratio ky/ft depends only on parameters that can be
controlled (more or less) through the mix design of HP2C. This includes the snubbing factor
gs, the fiber volume content, cf, the ratio of the interface friction energy TZLf to the fracture
energy of the matrix Fm, i.e. TiL f/Fm, the effective yield percentage ny, and the fiber aspect
ratio Lf /2rf. The fiber aspect ratio was also shown in Chapter 2 to be a source of improved
ductility (see Eqs. (2.15), (2.41)). In addition, g, and cf were shown to improve post-cracking
strength in Chapter 3 (see Eq. (3.72)). In Section 4.3.2, the micromechanical relationship
suggested by (4.54) is substantiated with experimental data.
4.3 Application to FRCC and HP2C
The HP2C model parameters can be obtained from micromechanical parameters, as in Eqs.
(4.6), (4.16), (4.26), (4.27), and (4.30). Despite needing only 14 micromechanical parameters
(see Section 3.5) to determine the macroscopic behavior and, by association, the model pa-
rameters, some of these micromechanical parameters are difficult to evaluate accurately, e.g.
snubbing factor g.. In addition, the micro-to-macro models and expressions presented in the
previous chapter represent simplifications of very complex micromechanical phenomena. The
macroscopic (i.e. experimental) determination of the model parameters offers a more straight-
forward and accurate approach to determining the model parameters. This macroscopic deter-
mination of model parameters is the aim of this section. Hence, the micro-to-macro models of
Chapter 3 form the theoretical basis of the 1-D (and by extension 3-D) model, but experimental
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Fiber Fiber Type Steel Steel Steel Steel
Properties Length [mm) 32 30 13 13
Radius [mm] 0.4 .25 0.1 0.1
Elastic Modulus [GPa] 200 200 200 200
Volume Fraction [%] 2, 3, 6 6, 7, 8 3 2
Matrix Compr. Strength [MPa] 45 - 53 N/A 180 - 200 180-220
Properties Elastic Modulus [GPa] 20 - 25 25-30 45 - 50 50-55
Mix Design Cement 1 1 1 1
[by mass] Water 0.45 0.45 0.2 0.2
Sand 1.5 2 1.4 1.4
Aggregate 2.5 0.65 0 0
Crushed Quartz 0 0 0.29 0.29
Silica Fume 0.1 0 0.33 0.33
Superplasticizer 0.01 0 0.02 0.02
Specimen Gauge Length [mm] 120 120 40 40
Dimensions Cross Section [mm 2 ] 100 x 20 100 x 20 ir x 372 N/A
Notch Section [mm 2) None None 7r x 222 70 x 48
Notch Height [mm] None None 2 N/A
Table 4.1: Material and Specimen Data for the Four Different FRCC
HP2Ca, and HP2Cb) Tests.
Material (FRCCa, FRCCb,
determination of model parameters provides the necessary accuracy for utilization of the model.
Four different types of FRCC material tests, whose specifications are listed in Table 4.1, are
examined here:
" FRCCa: Li et al. [57] conducted tensile tests on 120 mm long, unnotched FRCC specimens
(100 x 20 cross-section) reinforced with Harex steel fibers (length Lf = 32 mm, radius
rf 0.4 mm). The material was tested using three different fiber volume contents,
cf= 2, 3, 6%. The stress-displacement curves for this material are shown in Fig 4-8.
" FRCCb: FRCCb is an FRCC material, based on the FRCCa material, tested by Li and
Li [56], using the same testing configuration as in their FRCCa tests. The cementitious
matrix was reinforced with Dramix I steel fibers (length Lf = 30 mm, radius rf = 0.25
mm) with high fiber volume contents, cf = 6,7,8%. Stress-strain data for these tests is
given in [56].
" HP2Ca: HP2Ca is an early generation of DUCTALTM, known as Reactive Powder Con-
crete. Tensile data was obtained by Boulay et al. [9] on a cylindrical notched specimen
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Figure 4-8: Stress-Displacement Curve for an Unnotched FRCC Specimen (Li et al. [57]).
(40 mm gage length) of HP2Ca (190 MPa in compression) reinforced with 3% volume
content of steel fibers (length Lf = 13 mm, radius rf = 0.1 mm). HP2Ca mix design and
properties were compiled from Boulay et al. [9], Cheyrezy [16], and Casanova [14]. Notch
stress-displacement (specimen load divided by notch area) data is plotted in Fig. 4-9.
* HP2Cb: HP2Cb represents the newest generation of DUCTALTM. HP2Cb contains 2%
volume content of steel fibers (length Lf = 13 mm, radius rf = 0.1 mm). Data on a
notched plate specimen (40 mm gauge length) was provided by Lafarge. In addition to
information supplied by Lafarge, HP2Cb mix design and properties were compiled from
Cheyrezy [16], Casanova [14], and AFCG [3]. Notch stress-displacement data for HP2Cb
is plotted in Fig. 4-10.
4.3.1 Determination of Coupling Modulus from Tensile Stress-Strain Data
A single tensile stress-strain relation will provide five macroscopic values: the stress before
cracking and after cracking, E- and E+, the macroscopic yield stress, E 2 , the initial and post-
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Figure 4-9: Average Notch Stress-Displacement
al. [9]).
Curve for the HP2Ca Material (Boulay et
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Figure 4-10: Average Notch Stress-Displacement Curve for the HP2Cb Material (Data from
Lafarge).
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Figure 4-11: Asymptotic Behavior of Coupling Modulus M for Ko/K 1 = 20.
cracking stiffness, KO and K 1 . However, the composite model involves six model parameters:
three moduli Cm, CF, M, and three strength parameters ft, fy, kv. Therefore, another rela-
tion is required to close the identification problem. To provide a sixth relation to close this
identification problem, one may employ a micromechanical approach to estimate the composite
fiber and matrix moduli CF and CM from the initial composite stiffness KO with (4.7), which
calculates the contribution of fiber stiffness to overall composite stiffness.
Alternatively, the six model parameters can also be derived by an asymptotic analysis,
setting the elastic stiffness ratio n -+ 0. This asymptotic analysis is possible due to the char-
acteristic low fiber volume fraction of typical FRCC and HP2C, cf < 6%. For cf 6% and
moduli listed in Table 4.2, Equation (4.7) suggests the following range of values for r. (see Fig.
4-3):
.02 < K < .13 (4.55)
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From (4.14) the coupling modulus M can be determined in the form:
M = K, 1 + )(1 - Iol/K) (4.56)
(1 + K)2(1 - K1/Ko)
The previous equation allows for an asymptotic analysis of coupling modulus M as a function
of K. This is shown in Fig. 4-11 for Ko/K 1 = 20, - a typical value for HP2C. While the vertical
asymptote, 1/ K -+ 0, leads to physically unacceptable values of M, the horizontal asymptote,
K - 0, corresponds to the case in which the fibers do not significantly affect the initial elasticity
of the composite, i.e. Ko ~ CM. This allows for an asymptotic approximation of the coupling
modulus M, according to:
lim M KoK (4.57)
K- o Ko - K1
Equation (4.57) is applied to the four material tests listed in Table 4.2. For the unnotched
specimens, Ko and K 1 are obtained in a straightforward manner from the slopes of the curves
as shown in Fig. 4-8, divided by the sample length. On the other hand, for notched specimens,
the stress reported in Figs. 4-9 and 4-10 represents the average stress in the notch; strain can
be estimated as the displacement divided by the test gauge length. Therefore, for purpose of
comparison, the coupling modulus M in both cases is also reported here in a dimensionless
form, normalized by the initial stiffness KO:
lim(M/Ko) K 1  (4.58)
K- Ko - K 1  Ko - K 1
where K0 and K, (of dimension L- 2MT- 2) are the initial slope and the post-cracking slope
in stress-displacement curves (see Figs. 4-8, 4-9 and 4-10). The corresponding measured and
determined model values are summarized in Table 4.2.
The values in Table 4.2 for FRCC and HP2C show a fair amount of consistency of the
determination process:
1. The initial moduli Ko do not change significantly for increasing fiber volume contents
for FRCCa and FRCCb. This indicates that Ko depends primarily on the quality of
the matrix. This is consistent with the asymptotic determination (4.57) of the coupling
modulus. In addition, this shows agreement with the estimations of elastic stiffness from
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Measured Determined
Material cf KO [GPa] K 1 [GPa M [GPa M/Ko [%j
FRCCa 2% 21.6 0.6 0.61 2.9
3% 21.6 0.75 0.78 3.6
6% 21.6 1.5 1.61 7.4
FRCCb 6% 20 1.6 1.74 8.7
7% 20 2.0 2.22 11
8% 20 2.2 2.47 12.4
HP2Ca 3% 46.8 1.5 1.52 3.2
HP2Cb 2% 53.9 1.6 1.65 3.1
Table 4.2: Model Stiffness Parameters Determined from the Four Different FRCC Material
Tests.
the homogenization scheme which suggest that for small changes in fiber volume contents
Acf < 6%, the change in the overall stiffness AKo is less than 10% (see Figure 3-6).
2. The post-cracking tangent modulus K 1 increases with higher volume fiber fractions. The
coupling modulus ratio M/Ko seems to depend closely on the fiber volume fraction: for
the same fiber volume fractions of 2% and 3%, M/Ko has approximately the same value
for FRCC and HP2C. For these low volume fractions, it appears that M/Ko depends
quasi-linearly on the volume fiber fraction cf, independent of the quality of the matrix.
This quasi-linearity is denoted by a solid line in Fig. 4-12, where M/Ko is plotted for the
four different FRCC materials. This confirms the significance of fiber volume content on
the normalized post-cracking stiffness as suggested by Eqs. (3.80) and (3.88), which were
derived from micromechanics.
3. The suggested independence of the coupling modulus ratio M/Ko from the matrix quality
would imply that the matrix quality affects in a similar way the initial modulus Ko, the
post-cracking modulus K 1 , and consequently, according to (4.57), the coupling modu-
lus M. The weak correlation between matrix quality and post-cracking stiffness is also
suggested by micromechanical expressions (3.80) and (3.88).
4.3.2 Determination of the Ductility Ratio from Energy Dissipation
At first cracking of FRCC and HP2C, energy is dissipated from the cracking of the composite
matrix and yielding of the composite matrix. This is represented in the HP2C model by
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Figure 4-12: M/Ko versus Fiber Volume Fraction for the Four FRCC Materials.
the separation of the composite matrix plates (strength ft) and the movement of the matrix
friction element (strength k,), respectively. Superior tensile performance from HP2C requires
both a high strength at first cracking El and ductile behavior at cracking. This implies that
the cracking strength, k, + ft, should be maximized while maintaining a high ductility ratio,
ky/ft. The partitioning of the dissipated energy at cracking, expressed by (4.45) and (4.46) and
illustrated in Fig. 4-6, allows for a graphical determination of the ductility ratio ky/ft from
(4.48).
The graphical determination is sketched in Fig. 4-13 for an FRCC material. Using the
stress-strain data provided for the four different FRCC tests (Figs. 4-8, 4-9, 4-10, and Li
and Li [56]), the plastic and brittle dissipation values were estimated graphically to provide
the values given in Table 4.3. The measured values confirm some of the previously suggested
micro-to-macro relations:
1. For the same cementitious mix design for FRCCa, the increase of fiber volume fraction
seems to improve the cracking strength. This improvement is not quite as dramatic for
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Figure 4-13: Graphical Determination of the Energy Dissipation from Stress-Displacement
Curves (Li et al. [57]).
Measured
Material cf ky + ft [MPa] ky/ft [1] ky + fy[MPa]
FRCCa 2% 4.3 4 4.0
3% 5.4 6 5.0
6% 5.8 12 6.1
FRCCb 6% 5.8 12 8.4
7% 5.9 13 8.5
8% 5.0 N/A 9.9
HP2Ca 3% 7.3 9 9.0
HP2Cb 2% 7.6 10 11.5
Table 4.3: Determined Strength Parameters and
Tests.
Ductility Ratio for the Four Different FRCC
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Figure 4-14: Ductility Ratio ky/ft vs. Fiber Volume Fraction cf for FRCCa Data [57].
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FRCCb. Nonetheless, this general trend confirms the equation for first cracking strength
EI (3.57), which expresses the positive correlation between fiber volume content and first
cracking strength.
2. The increase in fiber volume content in a given mix design also causes an improvement
in the ductility ratio ky/ft, as exhibited by the FRCCa and FRCCb. This effect is
illustrated in Fig. 4-14, in which the values of ky/ft versus volume fraction cf from Table
4.3 for FRCCa are displayed. The experimental values qualitatively align along a trend
line (kv/ft = const. x cf/(1 - cf)), which exemplifies the increase of ductility ratio with
Cf /(1 - cf) as predicted by (4.54).
3. The matrix quality also seems to have an important effect on the ductility ratio. That
is, for the same fiber volume fractions (2% and 3%), HP2Ca and HP2Cb exhibit higher
ductility ratios than their FRCCa counterparts. This was also predicted by (4.54), where
cementitious matrix parameters (the ratio of the interface friction energy to the fracture
energy of the matrix, TILf /Fm, and the effective yield percentage ny) are significant fac-
tors in the ductility ratio. Favorable values of ny rzLf /Fm seem to be the source of HP2C
ductility enhancement over conventional FRCC materials. This is consistent with the
comparative micromechanics analysis of FRCC and HP2C from Chapter 2 which high-
lighted that HP2C - in contrast to FRCC - is, from a mechanical point of view, a better
designed match of two materials (cement-based matrix, fibers) and their interactions.
4. For the same cementitious mix design, an increase in the fiber volume content clearly
enhances the composite yield strength E2. This is demonstrated in Fig. 4-15 for the
FRCCa and FRCCb mix designs, whose composite yielding behaviors seem to be described
by the same trend line (solid line). This supports the prediction for composite yield
strength given in Chapter 3 (3.84), which is linearly relates the fiber volume content to
the composite yield strength.
5. Finally, the composite yield strength values shown in Table 4.3 reveal their relationship
to matrix quality. For example, for the same fiber volume contents (2% and 3%), HP2Ca
and HP2Cb show noticeably higher composite yield strengths than FRCCa. This also
confirms the prediction given in Chapter 3 (Eq. (3.84)), which states the composite
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Figure 4-15: Composite Yield Strength E2 as a Function of Fiber Volume Content cf for FRCCa
and FRCCb.
yield strength is a function of the interface (and, by association, matrix) quality through
interface friction strength T.. HP2C's improved interface friction strength seems to be
the source of its composite yield strength, reinforcing the findings outlined in Chapter 2
which showed HP2C's ductility enhancement over conventional FRCC materials.
4.4 Summary of the 1-D Model
In this chapter, a two-phase macroscopic model for the stress-strain behavior of FRCC materials,
particularly HP2C materials, is presented. This model captures typical features of macroscopic
FRCC behavior, but at the same time approximates micromechanical processes observed in
FRCC materials. This model utilizes six parameters of clear physical significance which can be
solved from a single tensile stress-strain relation. The model parameters aptly characterize the
brittle-plastic behavior of the matrix, the elasto-plastic behavior of the reinforcing fibers, and
their interaction.
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V
The distinction of two phases with separate energy contributions allows one to relate the
macroscopic behavior to micromechanical sources. In this way, model parameters were related
to micromechanical models and parameters outlined in previous chapters. Using macroscopic
data, some theories regarding FRCC micro-to-macro relations were confirmed. In particular,
the ductility enhancement intrinsic to HP2C materials, first discussed in Chapter 2 and Chapter
3, was proven with macroscopic data.
The primary advantage of the HP2C model, however, is its ability to capture damage evolu-
tion in HP2C materials in a continuous fashion. Hence, unlike currently existing micromechan-
ical models for FRCC, its practical application to HP2C materials, and ultimately to HP2C
structures, is straightforward. This advantage becomes clearer in the following chapter in which
the 1-D HP2C model is extended to 3-D.
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Chapter 5
Extension of the Composite Model
to 3-D
The main advantage of the 1-D HP2C model presented in the previous chapter is its ability to
continuously model the stress-strain behavior of HP2C materials while capturing the microme-
chanical behavior of these composite materials. Because this HP2C model is a macroscopic
model, the extension to 3-D is straightforward, essentially requiring the substitution of 1-D
macroscopic parameters and functions with their 3-D counterparts. This will be done by em-
ploying the framework of thermodynamics of irreversible processes. Using this 3-D model, it is
possible to model a single representative element of HP2C. With this 3-D model in hand, one
can model HP2C structures through finite element simulation. This chapter describes the 3-D
HP2C model, based on the 1-D HP2C model, with which HP2C structures are simulated in the
following chapters.
5.1 3-D Constitutive Model
The 3-D macroscopic model presented in this chapter is constructed around three main com-
ponents:
9 3-D stress-strain relations: The 3-D stress-strain relationship developed here is analogous
to 1-D stress-strain relationship presented in the previous chapter, but is derived from
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energy considerations for a stress-strain expression which is thermodynamically consistent
with the 1-D result.
" Loading functions: Unlike the 1-D loading functions which were only concerned with the
tensile strength limits of the HP2C material, the 3-D loading functions require 3-D load
limits, i.e. tension, compression, shear, etc.
" 1-D consistency condition: Finally, for consistency with the 1-D model, the uniaxial
behavior (stress loading in only one direction) of the 3-D model is calibrated with the 1-D
model. In this way, the 3-D model gives tension output which is consistent with that of
the 1-D model.
This extension of the 1-D HP2C model to 3-D begins with an examination of 3-D thermo-
dynamics.
5.1.1 Energy Considerations of the 3-D Model
For an isothermal system, the Clausius-Duhem inequality (4.33) presented in Section 4.2.1 reads
in the 3-D case:
Wpdt = E : dE - do > 0 (5.1)
where 2nd order tensors are represented in bold; E is the macroscopic stress tensor and E is
the macroscopic strain tensor. As in the 1-D case, inequality (5.1) states that the amount of
external energy, that is the strain work rate E : dE, which is not stored in the representative
element as free energy is dissipated into heat form pidt. The free (Helmholtz) energy 4 is a
function of the 3-D state variables: the total strain, E, and the 3-D composite plastic strain
components, ep and e'. Then, assuming a quadratic form of free energy with regard to the
state variables, the extension of Eq. (4.34) to 3-D gives the following expression for free energy
of the HP2C system:
(E, EV, E) (E - E4).: Cm : (E - (5.2)
+ 1(E - E) : CF : (E - e ) + I( - eP) : M: (e - e-)
134
where CM, CF, M, are the 4th-order stiffness tensors of the composite matrix, the composite
fiber, and the coupling spring, respectively.
Proceeding as in the uniaxial case (i.e. use of (5.2) in (5.1)) yields:
<pjdt = o- : de" + O'F : deF > 0 (5.3)
with the equations of state:
E - =b - (CAI+ CF) : E - CM : eP - CF : E (5.4)OE
A- -e-m - C_ E - (Cm + M) : e + M:e (5.5)OM
CF = E - (CF + M) :e + M: eP (5.6)
where om and aF are the 3-D composite matrix and composite fiber stresses, respectively.
CF, CM and M are 4th-order tensorial counterparts of (4.40) and (4.41), defined by:
OE &E2
and the Maxwell symmetry relations, (4.40) and (4.41), read:
OE O0m - 02 .. CE (9F _ 2o _ _
C = - - F -- - -C E (5.8)
OEPu OE OE4Ee' OEP OE OEOE'
_ M_ F F24
M - ' - (5.9)
Equations (5.4) to (5.6) show that as a results of the Maxwell symmetry (5.9), the total stress
is the sum of the composite stresses:
= 
0 M + UF (5.10)
As in the 1-D case, the stress partition (5.10) is of a rheological or a thermodynamic nature
without an a priori mechanical counterpart: neither UM nor 0 F are a priori related by mechan-
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ical equilibrium to external forces, but only the macroscopic stress tensor E of the composite
continuum, i.e.:
T = E -n (5.11)
where T = the surface force density, and n the unit outward normal. In this way, the use of
(5.10) in (5.11) suggests:
T = (0rM + OF) n =>T M- + TF (5.12)
However, only the overall surface force density T can be defined at the macroscopic level;
the surface densities TM = om - n and TF = 0F - n cannot be separately identified at this
level of material description and modeling. In addition, it could be appealing to interpret the
macroscopic partition (5.12) from the point of view of mixture theories and to consider the
momentum balance for the matrix and the fiber separately. In fact, when applying the stress
partition (5.10) into the standard momentum balance equation, i.e.:
divE + of = 0 (5.13)
The separate equations of motion may take the following form:
divoM + pM - fft - 0; divoF + PFf + ffMt = 0 (5.14)
with g = pM + PF = composite mass density, pM and PF = the apparent mass density of
composite matrix and composite fibers, and f = body force density. Equation (5.14) corresponds
to the equations obtained by considering the composite medium as a mixture with mechanical
interaction [201. At the microscopic level, this interaction is exerted through the common
interface between matrix and fibers. At the macroscopic level, (5.14) renders an account of this
interaction through the body interaction force, fi", which corresponds to the force exerted by
the matrix on the fibers, and, due to the action-reaction law, -fi"t corresponds to the force
exerted by the fibers on the matrix. However, without referring to the equations of state of
the macroscopic composite model, (5.7) to (5.9), or by choosing a specific tensorial form of
one of the two components (see for example [21]), the symmetry of the partial stresses, o
136
and 0 F, as well as the existence of the volumetric interaction force fint in (5.14) can only be
assumed. In other words, (5.5) and (5.6) correspond to one possible stress partition, derived
from energy considerations rather than from mechanical balance considerations. Within the
framework of the macroscopic approach developed here, the same applies to the composite
matrix-fiber couplings which remains solely defined by Maxwell symmetry (5.9), without an a
priori mechanical counterpart (i.e. interaction force fint).
From Eqs. (5.4), (5.5), and (5.6), the general 3-D stress-strain relationship can be recast in
the compact form:
C) C-M CF E
m CM -(CM + M) M : E (5.15)
OrF CF -- (CF + M) E
The stresses, E, 0 M, and UF, are functions of the macroscopic strain tensor E, the permanent
strain tensors, eP and eP (related respectively to matrix cracking and irreversible composite
fiber deformation), and 4th-order stiffness tensors CF, CM and M. The 3-D stress-strain re-
lationship is analogous to 1-D stress-strain relationship (4.2), with the 1-D model parameters
replaced with their 3-D counterparts. More importantly, the 3-D stress-strain relationship is
derived from thermodynamically consistent assumptions.
5.1.2 Isotropic State Equations and Material Constants
The general 3-D constitutive model with matrix-fiber interaction involves 3 x 21 stiffness pa-
rameters associated with the tensors CF, CM and M. This number decreases significantly when
considering some specific matrix behavior and specific fiber orientation systems. For example,
fiber reinforced materials with random fiber orientation can be estimated to act isotropically,
as shown for the homogenization model presented in Section 3.2.2. Accordingly, the separate
behaviors of the cementitious matrix and the randomly oriented reinforcing fibers can be ap-
proximated to be isotropic, as assumed in Section 3.2.2. In this case, CM and CF can both be
described with two unique scalar values:
CM = 3KMK + 2GMJ (5.16)
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CF = 3KFK + 2GFS (5.17)
where Kijkl = 1 6 ij41ki is the volumetric part of the 4th order unit tensor II, and J = ff - K is the
deviatoric part. GF and GM are the shear moduli of the composite fiber and matrix; KF and
KM are the bulk moduli of the composite fiber and matrix. The bulk and shear moduli are
related to the elastic moduli of the composite fiber and matrix, CF and CM, as follows:
- CM CFKm = ,M KF - C , (5.18)3(1 - 2vM) 3(1 - 2vF)'
GM = CM CFGu -F, GF=2(1 + vm) 2(1 + VF)
where VF and vM are the Poisson's ratios of the composite fiber and the composite matrix,
respectively1 . Using the assumption of randomly oriented cracks after matrix cracking, as
studied in Section 3.2.3, the post-cracking stiffness behavior of the modeled material was shown
to be isotropic. For that reason, the coupling stiffness also takes an isotropic behavior. Thus,
the following form of the matrix-fiber coupling tensor M is chosen:
M = 3MVK + 2MdJ (5.19)
where M' and Md are the bulk and shear matrix-fiber coupling moduli, respectively. MV and
Md are described by:
M3D M 3 D
MV - 3(1 - 2v,)' 2(1+vI) (5.20)
'It is important to reclarify the distinction between the composite matrix and fiber and the actual cementitious
matrix and reinforing fibers. The bulk moduli (Km and KF), shear moduli (Gm and GF), and Poisson's
ratios (VM and VF) presented here are model parameters, not micromechanical properties. However, the model
parameters do relate very closely to their micromechanical counterparts, at least on a symbolic level, which is
one of the primary aims of this two-phase model. For example, if one considers the rule of mixtures for composite
stiffness (3.15), the composite bulk modulus k"' is estimated to be the sum of the bulk moduli of the matrix
and reinforcing fibers, km and kf, adjusted for their respective volume contents, (1 - cf) and cf (3.16):
k" = (1 - cf) km +cfkf
This can be roughly correlated to bulk moduli of the macroscopic model, Km and KF, as follows:
Km=(-cf)km; KF=cfkf
Therefore, the parameters of macroscopic model can be related to parameters of the micromechanical models,
but they do not represent micromechanical values themselves. Accordingly, the reader must take care to note
the field to which parameters apply, i.e. micromechanical or macromechanical model.
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where M 3 D is the 3-D counterpart of M, the 1-D coupling modulus; and vj is an effective
Poisson's ratio for this composite coupling mechanism. Unlike the composite fiber and com-
posite matrix stiffnesses, the 3-D coupling stiffness tensor M is not directly related to its 1-D
counterpart M. Instead, the 3-D coupling behavior (stiffness tensor) must be formulated in
such a way that the 3-D model would give the same macroscopic uniaxial response (and ther-
modynamic response) as the l-D model, a 1-D consistency condition. Equations (5.16), (5.17)
and (5.18), by definition, require Cm and CF to adhere to this 1-D consistency condition. The
model parameter M 3D is solved from this 1-D consistency condition in Section 5.3.1.
Equation (5.15) can be restated to express the isotropic case:
E = Ed + E"1 (5.21)
where 1 is the 2nd order unit tensor, Ed = 1 trE is the deviator stress part, and Ev is the
volumetric stress part. The deviator stress part Ed sM + SF is given by:
G+GF 
--GM 
-iGF
(> q 2 G -(GM+Md) FMd ) (5.22)
SF GF -5+.M) 2
and the volumetric stress part E' = (I1,M + I1,F) /3 by:
EV KM + KF -KM -KF trE
I1KF 3Km -3(Km + MF) 3Mv trEP (5.23)
I1,F 3KF 3MV -3(KF + M) tre (
e = E - (trE/3)1 the total strain deviator. Analogously, EP and EP = the deviator part of
strain tensors eP and E. I1 =tro is the first invariant of the stress tensor, s =o, - (I,/3)1
denotes the deviatoric stress.
In the case of a random oriented fiber system, there are six composite elastic properties to
be determined, of which four are associated with the elasticity of the composite matrix and fiber
(moduli CM, CF and Poisson's ratio vM, vF) and two with the matrix-fiber couplings (M 3D)
vI). While parameters CM, OF, vM, and VF can be related to micromechanical parameters (see
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Figure 5-1: The HP2C Strength Domain in the E x E., Plane (E.z = 0). Based on Kupfer
et al. [49].
Sections 3.2.2 and 4.1.1) in a straightforward manner, parameters M 3 D and v, are constants
related to the irreversible composite matrix behavior, i.e. post-cracking behavior. This makes
it necessary to establish the strength domain and post-cracking plasticity behavior of the model
before M 3D and vI can be expressed in a meaningful context. In the following section, the 3-D
strength domain and flow rules are outlined.
5.2 HP2C Plasticity in 3-D
In order to complete the 3-D HP2C model, the plastic behavior of this composite mechanics
model must be established. In this way, 3-D loading functions (which describe when plasticity
occurs) and composite flow rules (which describe how plasticity occurs) are required. By con-
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structing 3-D strength domains for each of the composite phases, appropriate loading functions
and corresponding flow rules can be assigned to the phases. First, the macroscopic strength
domain of cementitious materials is considered to provide a basis for the composite strength
domains. Figure 5-1 shows the biaxial strength domain for an HP2C material loaded (stress-
driven) in two directions E,, and Egy. This strength domain is based on the seminal work on
the biaxial strength of concrete by Kupfer et al. [49], which has since been used by many other
concrete researchers (e.g. [13,80]). The HP2C strength domain is characterized by two different
limits, an initial limit (stress at which first cracking occurs) and a yield (post-cracking) limit 2 .
This biaxial strength domain can be distilled into 6 physically-observed macroscopic strength
values, as denoted in Figure 5-1 with the following numbers
1. The initial tensile strength, Et. This is the same as the cracking strength El first depicted
in Fig. 3-4.
2. The initial compressive strength, E,.
3. The initial biaxial compressive strength, Eb.
4. The tensile yield strength, E'. This is also shown in Fig. 3-4 as E2.
5. The compressive yield strength, E'.
6. The biaxial compressive yield strength, Ec.
Here, superscript "cr" denotes a cracked state. From a modeling standpoint, the strength
domain of FRCC at a macroscopic level is governed by the individual behaviors of the composite
matrix and the composite fiber. To achieve this HP2C strength domain at a macroscopic level,
suitable strength domains must be specified for the composite matrix and the composite fiber.
The 3-D strength domains are constructed for the composite matrix and the composite fiber in
the most general terms using loading functions:
m E PM < FM(TM) < 0 (5.24)
2While the yield limit is drawn to be larger than the initial limit for all possible biaxial loading states in Figure
5-1, this is not necessarily the case in actual FRCC or HP2C composites. For example, the tensile behavior of
the FRCCa material is graphed in Fig. 4-8. For lower fiber volume contents, cf = 2%, 3%, the composite yield
strength is lower than the first cracking strength.
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Figure 5-2: Tension Cut-Off and Drucker-Prager Loading Criteria in the 1 - Is| Plane.
0 F c DF -> FF(YF) < 0 (5.25)
where DM and DF denote the strength domains, and FM and FF some suitable 3-D loading
functions of the composite matrix and the composite fibers, respectively.
The composite strength domains in this study, FM and FF, are represented with combina-
tions of two types of loading functions: the tension cut-off criterion (TC) and the Drucker-Prager
criterion (DP). These loading functions represent isotropic strength domains, maintaining the
assumption of isotropy as established for the stress-strain relations outlined in the previous
section. The TC loading surface is given by:
fTC = _-TC (5.26)
and the DP reads:
fDP = Il Is I - cDP (5.27)
where Isi = si5sj refers to the magnitude of the stress deviator; 0, .TC, and cDp are material
parameters. Fig. 5-2 plots these schemes in the Ii - Isi stress invariant space.
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5.2.1 Construction of the 3-D Strength Domain
Following the form of the 1-D HP2C model (and the accompanying micromechanical explana-
tion) presented in Section 4.1.2, the composite matrix is assigned a brittle-plastic 3-D strength
domain, the composite fiber an elasto-plastic strength domain. A biaxial strength domain for
the composite matrix loaded in two directions, aM,xx and oM,yy, is shown in Fig. 5-3. The
composite matrix captures an elastic-brittle behavior with a higher initial (uncracked) limit,
and a lower yield limit after cracking. This strength domain can be described by 6 characteristic
values, listed as absolute values, which are numbered in the figure:
1. The initial tensile strength, amt. By definition, this must be the same as the cracking
strength (ft + ky) first provided in Eq. 4.20:
cTMt = ft + ky (5.28)
2. The initial compressive strength, omc.
3. The initial biaxial compressive strength, -Mb.
4. The tensile post-cracking yield strength, a't. This is equivalent to the composite matrix
post-cracking strength ky introduced in Section 4.1.2:
,rt = ky (5.29)
5. The compressive yield strength, gc~.
6. The biaxial compressive yield strength, ac'.
Before matrix cracking, the initial strength limits (uMt, aMc, and cJMb) govern the composite
matrix loading functions. To enforce these initial strength limits (see Fig. 5-3), a tension cut-off
criterion governs the tension-tension stress states f7j, one Drucker-Prager criterion governs the
compression-tension stress states f N, and another DP governs the compression-compression
stress states ffB. These criteria are expressed by:
fjTC = I1,M ~ UMt < 0 (5.30)
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fUN UNIIA, SM - cUN < o
fB' =ajMjJ1,M ISM ~ CBI < 0<
S 2/3 (cMc - aMt)
UMc + UMt
_ ,2_/ UN) 0Mc;
BI 2/3 (UMb - 07Mc)
aM = 2 ;Mb - Mc
Cm= (/2/3 -am UMc
Equation (5.33) shows that the loading function parameters are entirely described by initial
strength values. Fig. 5-4 demonstrates how these individual initial strength criteria appear in
the biaxial stress plane, cM,xx X 0Myy- 3
After cracking, the post-cracking strength parameters (0urt, UcYic, and cc') govern the
strength domain. As a simplification, it is assumed that the post-cracking composite strengths
are reduced by the same factor, -y" = a/aMt:4
c crUMc=^ja ; cr crCrMb 7 ~ (5.34)
With this simplification, the six composite matrix strength parameters (-Uat, UMc, cMb, t'Mt,
cJe, and Umb) are effectively reduced to four (aMt, aMc, JMb , and uom). The post-cracking
loading functions read:
TC,cr = 1- 0
UN UN,cr 0
fBIcr - aBIIM ISMI CBI,cr 0
(5.35)
(5.36)
(5.37)
3 As displayed in this figure, the composite matrix equibiaxial tensile strength is equal to half of the uniaxial
tensile strength. Existing literature states that the equibiaxial tensile strength of cementitious materials is very
close to the uniaxial tensile strength [13,49]. However, to develop safe limits for the biaxial strength without
performing biaxial tension tests, the uniaxial tensile strength is used as a mean stress limit in the tension-tension
region. If future biaxial strength tests can confirm the equivalence of the equibiaxial and uniaxial tensile strengths
of HP2C, the TC criterion could be replaced with a Rankine-type tensile strength criterion.
4 This assumption will assign a brittle-plastic cracking behavior to the composite in compression which is
similar to the characteristic behavior of HP2C as exhibited in literature [3].
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(5.31)
(5.32)
UNamA
CUNCm
(5.33)
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Figure 5-4: The Initial Strength Domain for the Composite Matrix Expressed by the Ten-
sion Cut-Off, Compression-Tension DP, and the Compression-Compression DP Criteria in the
JM,xx X UM,yy Plane (UM,zz = 0).
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where
CUN,cr _ cr UN.CM ~ M, BI,cr _ cr BI (5.38)
Loading functions fM;'' f &N', and fI are post-cracking counterparts of cracking loading
functions fjTCf UN, and fBI . The composite matrix loading functions provided in Eqs. (5.30),
(5.31), (5.32), (5.35), (5.36), and (5.37) are illustrated in Fig. 5-5. In its uncracked state, Eqs.
(5.30), (5.31), and (5.32) dictate the composite matrix strength domain, as depicted by the
dashed lines in Fig. 5-5 in the 11 - Is plane. After cracking, Eqs. (5.35), (5.36), and (5.37)
represent the post-cracking plastic limit, illustrated with the dotted lines.
Figure 5-6 shows the elastic-brittle behavior of the composite matrix as given by the 3-D
strength domain. In this figure, the composite matrix is loaded in uniaxial tension, uniaxial
compression, and biaxial (equibiaxial) compression. Upon achieving its initial strength limit,
the composite matrix exhibits a brittle stress drop to its corresponding post-cracking strength.
It is this stress drop in the composite matrix which enforces the macroscopic stress drop at first
cracking as exhibited in tension for the 1-D model in Figure 4-4.
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The elasto-plastic composite fiber is characterized by three strength values in the 3-D space:
1. The tensile strength, UFt. This, by definition, is the same as the fiber strength fy first
provided in Eq. 4.20:
JFt - fy (5.39)
2. The compressive strength, UFc-
3. The biaxial compressive strength, UFb-
Note that the characteristic compressive strengths of the composite fiber crFc and orFb are
not the compressive strengths of the reinforcing fiber. Rather, one may consider the compressive
strength of the composite fiber as the compressive capacity added to the overall HP2C composite
strength as a result of reinforcing fibers (see, for example, [42]).
To enforce these elasto-plastic limits, a TC is employed to limit the tension-tension stress
states ffC and a DP is utilized to limit the compression-tension stress states fF':
fFC -I1,F - JFt 0 (5.40)
ffP =4?PP1F  DsF  -cD < 0 (5.41)
where
DP - /2/3 (Fc - UFt) cDP (V2 - DP\ UFc (5.42)
FFc + UFt F ( OF)
As a simplifying assumption, a criterion is not specifically designated to limit the composite
fiber's biaxial compressive strength cFb. Instead, the composite fiber's biaxial strength is
dictated by the compression-tension DP fDP. Using Eqs. (5.41) and (5.42) for a biaxial
compression case where I1,F = - 2CrFb and ISF1 - 2 / 3 UFb provides an expression for the
biaxial strength limit of the composite fiber:
YFb - 3 2Ft UFe (5.43)
30'Ft - 9Fc
With this assumption, the three unique composite fiber parameters (ojFt, UP, UFb) are reduced
to two (9Ft and TFc). Figure 5-7 represents the composite fiber strength domain in the 11 - sI
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Figure 5-7: The Loading Functions for the Composite Fiber.
plane. A shown, the compression-tension DP fDP, which is based on the compressive strength,
JFc, and the tensile strength, O-Ft, of the composite fiber, dictates the biaxial strength of the
fiber. Also, unlike the composite matrix, the strength domain of the composite fiber is constant,
regardless of the cracking state in the composite matrix.
The complete 3-D strength domain of the composite D, can be expressed by the loading
function F 3D, where in its initial state F 3 D = F 3D,O:
(5.44)F 3D = F 3D, = max{FFF}<0;
F = - max{ f C N I }; FF = maX{ fFTC DP
where fTC, fUN, JI fTC and fDP are expressed by Eqs. (5.30), (5.31), (5.32), (5.40), and
(5.41), respectively. After cracking, which is represented by any plasticity in the composite
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matrix > 0, F 3D - F 3D,cr.
F 3D = F 3D,cr = max{ F4, FF} 0; (5.45)
FZ = max{ TC,cr f N,cr BI cr };F = X{TC DPFf - Ic1 FF -maxfTC fFP I
where the cracked composite matrix conditions, fTC~cr UN~cr and f ,cr, are expressed by
Eqs. (5.35), (5.36), and (5.37).
The composite loading function F3D is described by six model strength parameters - four
composite matrix parameters (UMt, Uc, OMb, and Mt) and two composite fiber parameters
(UFt and UFc) - in order to capture six physically observed strength values (Et, Ec, Eb, ,
EC , and Eb).
5.2.2 Composite Flow Rules
The composite matrix and composite fiber are both governed by the following Kuhn-Tucker
conditions:
FM(0M) < 0; dAM > 0; F4(om)dAm = 0 (5.46)
FF(CF) < 0; dAF 0; FF(oF)dAF = 0 (5.47)
where dAM and dAF are the plastic multipliers that express the intensity of the plastic yielding
in the composite matrix and composite fiber. Here, for the sake of simplicity, an associated
flow rule is employed, which applies the plastic multipliers in the direction of the plastic flow,
&FZ/&aM and &FF/&UF [50]. The permanent deformation of the composite matrix deP and
composite fiber dep are functions of the plastic multipliers, dAM and dAF, and the directions
of plastic flow, OFfg/&OM and OFF/&JF:
OFr g(am ) OFFk (OF )dep= dZA dA'k EP Fk (5.48)
FU k C0
where j and k represent the individual loading functions for the composite matrix and the
composite fiber, respectively. For the two types of loading functions used to describe HP2C
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plasticity, TC and DP, the directions of plastic flow are:
fT(O = ; = DP (0) al + n (5.49)
where n = s/s is the normal of the deviator matrix. Combination of (5.48) and (5.49)
demonstrates that these loading criteria will impose a dilatation behavior, tr(dEP) > 0, in
the material during plastic deformation as dictated by the associated flow rules:
tr (deP) - 3dATC + 3adADP (5.50)
As shown in the following sections, this dilatancy accounts for the discrepancy, manifested in a
stress-strain curve, between the plastic (post-cracking) behaviors of the 1-D and 3-D models.
5.3 The 1-D Consistency Condition
The last requirement of the 3-D model is consistency with the 1-D model. That is, the 3-D
model must generate the same uniaxial response as the 1-D model. This includes the initial
macroscopic stiffness KO, macroscopic stress at first cracking E-, the post-cracking stress E+,
the post-cracking stiffness K 1 , and the composite yield stress E 2 as shown in Fig. 3-4. In order
to generate the 1-D response, three uniaxial conditions restrict the 3-D model response:
1. A loading strain is applied in one direction Ez,, producing a corresponding stress E 3D:
E3D f (EXX) (5.51)
2. The normal stresses in the transverse directions are set to zero:
Eyy= EZZ = 0 (5.52)
3. The 3-D loading functions as given in Eqs. (5.44) and (5.45) still must be obeyed; however,
any plastic correction must also generate a 1-D macroscopic response:
F 3D < 0 (5.53)
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Figure 5-8: Evolution of Composite Matrix and Composite Fiber Stresses Given by the Uniaxial
Output from the 3-D HP2C Model.
These uniaxial conditions, for which there is a unique solution, are controlled through
the macroscopic strain, E (Ex Egy Ez) and the plastic multipliers, dA;, where dAi
dAT 0 , dAUN, BI~ TA~C, DP~. Using a similar approach, the biaxial (plane stress) conditions
can also be developed.
A typical stress-strain output as given by the uniaxial conditions (Eqs. (5.51), (5.52), and
(5.53)) is represented in Fig. 5-8. Like the 1-D model solution, the uniaxial behavior is elastic
with a stiffness of K0 until achieving first cracking strength X--. Immediately after brittle
cracking, the stress drops to E-/, and the macroscopic stiffness is described by K 1. A second
post-cracking slope of K1A is also exhibited at a strain of E1A. This second post-cracking slope,
which represents a deviation from the 1-D stress-strain behavior, is addressed in Section 5.3.2.
Finally, the composite yield strength is achieved at a macroscopic stress of YI 2 -
The evolution of uniaxial component stresses and the macroscopic uniaxial stress as given
by the 3-D HP2C model is also depicted in Fig. 5-8. During cracking, there is a brittle stress
drop in the composite matrix accompanied by stress activation in the composite fiber. After
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cracking, fiber stress continues to increase to a stress of fy, while the matrix stress hovers
around a constant value of ky. This is comparable to the evolution of component stresses in
the 1-D HP2C model, represented in Fig. 4-4.
5.3.1 Determination of the 3-D Coupling Modulus
As given in Eqs. (5.16), (5.17), and (5.18), the initial elastic stress-strain response of the 3-D
model is based on 1-D parameters CA and CF; this will ensure that the uniaxial stiffness KO
of the 3-D model is equivalent to that of the 1-D model. In addition, Equations (5.28), (5.29),
and (5.39) enforce the requirement that the uniaxial first cracking strength El and the uniaxial
composite yield strength E2 given by the 3-D model are equivalent to those of the 1-D model.
However, the 3-D post-cracking response (post-cracking stiffness K 1 and post-cracking
strength E+) is associated with the 3-D coupling modulus M 3 D, which is not related to the
1-D coupling modulus M in a straightforward manner, M 3D :- M. Thus, a 1-D consistency
condition is required to provide an explicit solution for the 3-D coupling modulus M3Dsibased
on the 1-D coupling modulus M, matrix strength parameters (ut, aUmc, and am), and the
composite Poisson's ratios (vM, VF, and vI).
The three uniaxial conditions can be refined to relate the 3-D coupling moduli to the 1-D
coupling modulus:
1. The stress-strain response of the 3-D HP2C model after cracking ED , loaded in one
direction (E,), should give the same stress-strain response of the 1-D HP2C model after
cracking E1D:
E1 < E,, < Ei: Y32(E) = ElD(Ex') (5.54)
where the 1-D HP2C stiffness response after cracking is given in (4.14):
E1D = CM + CF - E Cuky (5.55)Cu +M C + M
2. The macroscopic shear stresses and normal stresses in the transverse directions of the
HP2C model are fixed at zero, i.e. (5.52), thus giving a uniaxial stress state in the 3-D
HP2C model.
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3. Given standard parameter values for HP2C materials, the plasticity for uniaxial loading
is governed by the composite matrix uniaxial DP condition, fgN, immediately following
cracking 5 . This is also consistent with the 1-D HP2C model for which composite matrix
cracking occurs before yielding in the composite fibers (4.23). Accordingly, the plastic
multiplier given by the matrix uniaxial DP condition is nonzero:
f,,N U0; d4 1N $ 0 (5.56)
Expansion of Eqs. (5.21) - (5.23) yields the following expressions for E 3 and E in the
post-cracking strain range E1 < Ex. < E1A:
E3 = - (GA + GF) + (KM + KF) Exx (5.57)
- (Gm + GF) - 2 (KM + KF) Ey [ 3yN jG + KM trEM P 1D
yy= ZZ - (Gm + GF) + (Km + KF) Ex (5.58)
+ [(Gm + GF) + 2 (KM + KF) Eyy + [ 3  N GM - Km treM =0
5 Upon initial loading of the composite in uniaxial tension, the stresses in the composite matrix will also be
uniaxial, as dictated by (5.21) - (5.23). When achieving the elastic limit of the composite matrix in uniaxial
tension, aM = UMt, any plastic strains induced in the composite matrix will be governed by the fMUN,cr and/or
the fTc cr yield surfaces, according to associated flow. (For a detailed discussion of 3-D plastic corrections, refer
to Section 6.3.) For associated flow, the governing yield surface is dictated by the closest point algorithm. In
other words, the yield surface(s) which is closer to the trial stress state Ot'ial = Umt is the governing yield surface.
The "closeness" of the fUN,cr yield surface depends on the slope of the yield surface alUN. The governing yield
surface is fUN cr for the following condition:
UN 6-UM V
M >M
which can be rewritten using Eq. (5.33):
c > PCt = (i± )
Umt +2vM)
where aMc/Mt is roughly correlated to the ratio between the compressive strength and tensile strength of HP2C.
For standard cementitious Poisson's ratios, vM = .2, pct = 2.46.
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The uniaxial condition described by Eq. (5.56) can be obtained from Eq. (5.36):
f8N [ G + 3a NKM Exx[ - [ G - 6-UN KM E" (5.59)
3 J2N (GM + Md) 3(UN) (KM + M)1 tre U - 2uN
Eqs. (5.57) - (5.59) are re-expressed in incremental form:
dXZ = (Gm+GF)+(KM+KF)-(CAI+CF) + dExx (5.60)
13 Gu+M
[4 (Gm+GF)- 2(Kvf+KF) dEy Gm+3aNKM dAUN
dEY = dEZZ = (Gm + GF) + (Km + KF) dExx (5.61)
. 3
+ (GM + GF) +. 2 (KM + KF) dEyy + GM - 3aUNKm d4' 0
dfUN = G U+3c4MNKM dEX - V1> G - 6a UNKM dEgy (5.62)
- [2 (Gm + Md) + 9 (aUN) 2 (KM + Mv)] dAUN = 0
where dEyy = dEzz is the unknown transverse strain increment and dA UN is the plastic multi-
plier dictated by the composite matrix uniaxial DP condition during first cracking. By setting
dExX = 0, three equations - (5.60), (5.61), and (5.62) - have three unknowns - dEyy, dA UN, and
M3D. In this way, a solution for M 3 D is provided.
The 3-D model is simplified further by assuming that Poisson's ratios of the different phases
are equal:
VF = VI = VM (5.63)
where vM now represents a single Poisson's ratio which characterizes all of the composite phases.
It is important to remember that the Poisson's ratios of each of the composite phases are model
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parameters, not micromechanical properties. Therefore, this assumption is reasonable, provided
it can reproduce the macroscopic behavior of FRCC materials. Furthermore, it is suggested that
this assumption is tolerable on a micromechanical level, since the discrepancy in Poisson's ratios
of the cementitious matrix phase and the reinforcing fiber phase may have a negligible effect
on the macroscopic behavior of FRCC materials. This assumption is supported by Figure
3-6, which shows that the Nielsen stiffness prediction, which neglects the Poisson's ratios of
the different heterogeneous phases, corresponds closely to the homogenization solution that
accounts for the Poisson's ratios. The constant Poisson's ratio assumption gives the following
solution for M 3 D:
M 3D = / 1M + ('31 - 1) CMCF (5.64)(CM + CF)
where j - (aN 2 (1- 2vM)(1 + VM)
[3 (ayUN 2 (1 + vIM) + (1 - 2vm)
or the inverse solution for M:
M3D (1 - 01) CMCFM = + (5.65)
31 01 (CM + CF)
Equation (5.64) expresses the relationship between the 3-D coupling modulus M 3D and 1-D
stiffness parameters: 1-D coupling modulus, M, and the elastic moduli of the composite fiber
and composite matrix, CM and CF. In addition, M 3D is a function of 3-D parameters VM, the
Poisson's ratio, and a)N, a parameter of the uniaxial DP loading criterion. This DP parameter
aUN is related to the ratio between the compressive and tensile strength of the composite
matrix (5.33). Equation (5.65) also reveals how M is much larger than M 3D, as /31 < 1 for
standard HP2C material values. This shows that the post-cracking uniaxial stress response of
the 3-D model is by nature stiffer than the 1-D response, achieving the same level of matrix-fiber
interaction for a lower coupling modulus.
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Figure 5-9: Comparison of the 1-D and 3-D Model Output for Uniaxial Tensile Loading.
5.3.2 A 3-D Mode of Plastification
Figure 5-9 compares the uniaxial stress-strain output from the 3-D HP2C model and the stress-
strain output from the 1-D HP2C model, with the coupling moduli set to give identical stiffnesses
immediately after cracking, K 3D - KID, as given by (5.64). The 1-D and 3-D solutions
are identical from elasticity through first cracking until the 3-D model begins to "kink". To
understand the source of this kink, it is useful to consider the physical implications of the 3-D
model.
During first cracking during uniaxial loading, cracking occurs in all directions, such as trans-
verse cracks perpendicular to the load direction and randomly oriented fiber debonding cracks
(see Section 3.3). The reinforcing fibers, which are loaded in tension in multiple directions due
to crack formation, restrict the opening of cracks in the cementitious matrix. The macroscopic
model represents these cracks as dilating plastic strains in the composite matrix (5.50) or crack
voids, depicted in Figure 5-10.
For coupling moduli set according to (5.64), the permanent plastic strain in the loaded
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Figure 5-10: Fiber Bridging of Crack Voids.
direction for the 3-D model ePM, is equivalent to the permanent plastic strain for the 1-D
model e (4.25):
0 Mxx M (5.66)
However, unlike the 1-D model, following cracking, there are also plastic strains in the transverse
directions:
Myy = M,zz 0 (5.67)
Due to dilation of the composite matrix, the additional tensile stresses are imposed on the
composite fiber (5.15) including in the transverse directions:
OrF = CF : E + M : eP; cTF,yy = UFzz > 0
Unlike the 1-D model, these crack closure compression stresses also act in the transverse direc-
tions of a uniaxially loaded element (5.15):
EXX = Eyy = 0 : JM,yy = UM,zz = ~UFyy = -- F,zz (5.69)
Although the externally applied stress E is uniaxial, the composite matrix stress or, and the
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(5.68)
composite fiber stress o-f are not uniaxial. This shows that the composite stresses are not
mechanically related to the externally applied stress, but rather rheological in nature, as first
suggested in Eq. (5.14).
This 3-D crack void effect is elucidated in Fig. 5-11, which plots the mean stresses in
the matrix and the fiber, (i1,m/ 3 ) and (I1,F/ 3 ), for an increasing uniaxial strain. Upon first
cracking, crack formation causes an abrupt stress drop in the composite matrix and a stress
activation in the composite fiber. With continued loading, and growing crack voids, the mean
tensile stresses increase in the composite fibers, inducing an unloading of the composite matrix,
circled with a dotted line in Figure 5-11. This apparent softening behavior that occurs at
the composite matrix (rheological) level is not due to a plastic softening behavior, but is a
consequence of stress redistribution in the two-phase model. Because of the multi-directional
tension imposed on the composite fiber by the 3-D crack voids, the hydrostatic limit I1,F = aFt
is achieved in the fiber at a macroscopic strain lower than the 1-D composite yield strain. This is
circled in Figure 5-11 with a dashed line. Appropriately, as soon as the composite fiber reaches
its strength limit, the composite matrix is reactivated, allowing the mean tensile stresses in the
matrix to increase. Mean stresses in the composite matrix increase until the composite matrix
volumetric stress limit is achieved, '1,M Mt. At this point, the composite material exhibits
perfect plasticity with a yield stress, E2 = UFt 't
This kink represents the early onset of plasticity in the fiber, specifically, fiber TC yielding.
Micromechanically speaking, the uniaxial response of the 3-D model more accurately portrays
the uniaxial response of HP2C in which the activation of plasticity in the fiber phase (i.e. fiber
pullout) occurs gradually. Macroscopically speaking, the kink allows for a more physically ac-
curate representation of the material response with a degeneration of the post-cracking stiffness
(see Figure 3-1)6.
In the kinking region E1A < E,, < E 2, the loading strain Ex,, the lateral strain, Egy, the
plastic strain in the composite matrix e,, and the plastic strain in the composite fiber e, are
governed by the uniaxial conditions (5.51) - (5.53). The following expressions for macroscopic
6 For standard HP2C model parameter values, kinking will always occur. This is due to the plastic correction
which occurs at first cracking which induces non-uniaxial stresses in the composite matrix, as dictated by the
ffP loading function. Accordingly, when ocm/UMt < p, (see Footnote (3)), kinking will not occur.
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Figure 5-11: The Evolution of the Mean Stresses, (11/ 3 ), in the Modeled Matrix and Fiber.
strains are derived from Eqs. (5.21)-(5.23):
(Gm + GF)+ (Km
4 (Gm + GF)
- 1 eN Gm
+ KF )] Exx
- 2 (KM + KF)] Ey
+ Km] trepm - [KF] trE F
KF) Exx
+ [2(G+GF)+2(Km+KF) Eyy
+ [ 3 N GM-Km] treM - [KF] trEF 0
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/ AAAAj--A* ...I A A A -------------------
:3DXX (5.70)
Eyy (5.71)+ GF ) + (KM += 13 (GM
The ffN loading function reads (5.36):
- '3 0N (Gjv
S[3cN] trEP
aUNKI Ex [ Gm - 6.4UNK,,
+ Md) +3 (aUN) (Km + Mv) treP
UN 1(7c 0
and the fFTC loading function is (5.40):
fFTC= [3KM] Exx + [6KM] Eyv + [3Mv] trekM (5.73)
[3aUN (KF + Mv)] tre"F - UFt = 0
By setting treF = 0, i.e. the onset of fiber plastification, the strain Exnk at which the kinking
begins is derived from the following system of equations:
{E kinkE ,kink I 0N + I (5.74)
where
(Gm +GF)
+ (Km + KF)
- (Gm + GF)
+ (Km + KF)
3KM
I
I
F
F
3(GM +GF)
+2 (Km + KF)
(GM +GF)
+2(Km + KF)
6KM
I
I
[
F
3ar
1
3a,~
U GM1
-KM
3MV
Ekik is the transverse strain and e k is the plastic strain in the composite matrix when
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f UNI' (5.72)
[
F (5.75)
- -1
PC] =
IEyy
kinking initiates. The stress at which kinking begins Ekik reads:
4 Gm+GF)+
-4j(Gm +GF) -
3aUNG+
(5.76)(Km + KF)] Ekjnk
2 (Km + KF)] E'kink
KMI trepkjink
And the stiffness of the kinking regime K1A can be solved:
K1A
&Z3D
'x
OExX = [(GM+GF) + (KM
4 (G,+G,)
3a UN
8
GM
2(Km+ KF) &E
+ KI
Otrep
(9Ex^1
KtrEF
[KFI 
- ExX
j+GF) - (Km + KF)]
8 GM + 3aUN KM]
-3KM
(Gm + GF)
+2 (KM + KF) I
-8GM + 6aUN Km
6KM
[
UN 3Gm - Km
M
- (G2 + Md)3M (Gm
-3 (aUN) (Km + Mv)
3MV
-KF
3aUNI
-3aUN (KF + Mv)
(5.79)
The explicit solutions for kinking strain Exnk, kinking stress Eknk (5.76), and kinking region
stiffness K1A (5.77) are lengthy, but easily solved numerically from (5.74) and (5.78).
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yjkinkXX
+ KF)]
where
(5.77)
I }= [M|{&tr PaEXX
and
} (5.78)
[
[M = <
5.4 Energy Transformations of the 3-D HP2C Model
The 1-D consistency condition, outlined in the previous section, required the correlation of the
uniaxial output of the 3-D model with that of the 1-D model. In this section, the thermodynamic
consistency which stems from the 1-D consistency condition is confirmed. (Conversely, the 1-
D consistency condition can be derived from thermodynamic consistency.) Additionally, the
partition of brittle/plastic energy dissipation described by (4.44) is also shown to hold true for
the uniaxial case and the equibiaxial case for the 3-D model. As a result, the ductility ratio
ky/ft (4.48) is suggested to be an isotropic model parameter.
For common HP2C material values used in the 3-D model, the composite matrix will in-
variably undergo cracking before any other dissipative mechanism occurs. For any applied 3-D
strain state E-(= E+) which induces first cracking, the energy dissipation caused by cracking
in the composite model is (5.2):
±+ 1
I t ,4 1/ Th-\P 2±-:(--E) (5.80)
where E- and E+ are the macroscopic stresses in the composite just prior to and after first
cracking. In addition, e'+ is the plastic strain state and o+ is the stress state in the composite
matrix. After first cracking, the energy dissipation is ductile in nature, associated with yielding
in the composite matrix and the composite fiber. The use of (5.48) in (5.3) gives the following
expression for post-cracking energy dissipation:
s(1dt = d d + N AUN ) BIdBI tr (o M) + (dA\N + d j M nM (5.81)
+ (dATC + P tr (0-F) + (dA>) F nF
where nm = sM/ ISMI and nF SF! sFt are the normals of the deviator stresses in the
composite matrix and the composite fiber, respectively. Since I, = tr(or) and Isl = o : n, Eq.
(5.81) can be rewritten:
=M TC + UN,cr UN +BI BI ATC + D \DP (5.82)
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The energy dissipation for the uniaxial loading and equibiaxial loading cases are explored in
the context of first cracking (5.80) and post-cracking (5.82).
5.4.1 Uniaxial Energy Transformation
For the uniaxial case, which is described by Eqs. (5.54) - (5.56), the energy dissipation at first
cracking (5.80) reads:
-[[b]] = E (E - E+) + Ie :+ + (5.83)
where Ex, E- , and E4 are the uniaxial counterparts of E-, E-, and E+; EP+ is the plastic
strain in the composite matrix and o+ is the stress in the composite matrix immediately
following first cracking. Consider a case in which the composite matrix carries no residual
stress after cracking, i.e. y'" = aut/Mt 0. For this elastic-brittle case, the entire energy
dissipation during cracking -[[0]] can be derived from Eq. (5.31), from which the macroscopic
stress before cracking E;; can be calculated, and Eq. (5.57), which gives the macroscopic stress
after cracking E+T:
- E;-x (E;- - E ) = C M (5.84)
-101 2 X 2 (Cm + M)
For the case that the composite matrix carries residual stress after cracking -yr > 0, the
expression for energy dissipation at first cracking (5.83) can be rewritten by setting Exx = Ex-
in Eqs. (5.57) - (5.59), which provides an expression for E&+, and ep = EP + in Eq. (5.15)
which provides an expression for o+
2(Cm +M) 1+2- (5.85)2 (CM+ ) ft
The energy dissipation (5.85) is comprised of two terms: a brittle component of energy dissi-
pation -[[1]cr as determined in Eq. (5.84):
-[ c =(5.86)
2 (Cm + M)
and a ductile component -[[W]ly:
[[_] = kmft (5.87)
(CM + M)
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This is the same result for energy dissipation as determined in Section 4.2.3 for the 1-D case
where a ratio of ductile to brittle energy can be described by the ductility ratio ky/ft (4.48).
In the post-cracking range before kinking El < E,. < EiA, continued loading generates
additional energy dissipation described by Eq. (5.82) and Eqs. (5.60) - (5.62):
<plMdt = c UN,crxN kydE x (5.88)
The result in Eq. (5.88) shows that the energy dissipation after first cracking in the 3-D model
is equivalent to the energy dissipation in the 1-D HP2C model (4.47), i.e. the composite matrix
yield strength multiplied by the plastic strain in the direction of loading, kyde%,. With
(5.85) and (5.88), the uniaxial response of the 3-D HP2C model is shown to have the same
thermodynamic behavior as the 1-D model. At the root of this thermodynamic consistency is
the 1-D consistency condition, enforced by (5.64).
5.4.2 Biaxial Energy Transformation
To strengthen the assumption that the brittle-ductile dissipation partition (see Eqs. (5.86) and
(5.87)) is an isotropic phenomenon for the 3-D HP2C model, the equibiaxial energy transfor-
mation is developed. Three conditions govern the equibiaxial behavior:
1. Equibiaxial loading requires that the macroscopic normal strains and, as a consequence,
the macroscopic stresses are equivalent in two directions (the X and Y directions here):
E = Egy; Exx = E y (5.89)
2. The stress in the third direction (Z) is fixed at zero:
EZZ = 0 (5.90)
3. Tensile equibiaxial stresses are governed by the matrix TC condition before (5.30) and
after cracking (5.35):
f =0; ATC # 0 (5.91)
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Eqs. (5.89) and (5.90) can be expressed by the expansion of (5.21) - (5.23):
2
EXX = (GM + GF) + 2 (KAI + KF) Exx (5.92)
3 (Gm +GF) - (KAI + KF) Ezz - [Km] treP
4
EZZ = [ (Gm+GF)+2(K+KF) Exx (5.93)
+ [4(Gm+GF)+(KM + KF) Ezz - [K] treP' =0
and Eq. (5.91) can be expressed:
fIg" = 6KlExx + 3KmEyy - 3 (Km + MV) treP - ky = 0 (5.94)
First cracking energy dissipation (5.80) in the equibiaxial case reads:
-[[ = E- (E- - E + E : oA+ (5.95)
where Ep. (= EgY), E;- (= E-), and E+7 (= E+) are the equibiaxial analogues of E-, E-,
and E+. For the equibiaxial loading, the strain and stress before cracking are (5.30):
E- - (ft + ky) (1 - vim) E_- (Cm + CF) (ft + ky) (5.96)
XX 2 CM ' 2 CM
Consider a elastic-brittle composite matrix behavior, -' = 0. For this elastic-brittle case,
the energy dissipation -[]] (5.95), derived from (5.92) - (5.94) and (5.96), reads:
-I E~ (Ex- - E) = e (5.97)
where
Pe q = {(CM + CF) (1 - vM) (1 -2vM) (5.98)\3 (Cm + CF) (CM + M3D) (1 - vM) - (CM)2 (1+V ) (5.9
Conversely, for a brittle plastic composite matrix behavior, -y" > 0, the energy dissipation
[[,]I (5.95) is revealed by substituting E;;x (5.96) in (5.92) and (5.93) to obtain ep+, which is
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in turn substituted into Eq. (5.15) to obtain o-+:
-- [ t2 = I + 2L Peq (5.99)
The total energy dissipation -- [[0]] is demonstrated to consist of brittle - [[V4}cr (5.97) and
ductile - [[0]] energy dissipation:
f~2
eq - ))y = Peqkyft (5.100)
which gives the same ductility ratio ky/ft determined by (4.48). Thus, the ductility ratio is
shown to be constant for two different loading configurations, suggesting its isotropy for the
3-D model.
After first cracking, continued loading generates additional energy dissipation (5.82) de-
scribed by (see (5.48) and (5.49)):
91idt = kydA - (dcP, + dEP (5.101)
The solution in (5.101) is congruent with the uniaxial solution (5.88). The energy dissipation
is equivalent to the matrix biaxial yield strength ky/2 times the plastic strain in the loaded
directions, dEp and dEP
5.5 Determination of the 3-D Model Parameters
At this point, the governing parameters of the 3-D HP2C model have been condensed to ten
characteristic values. This includes six strength parameters (ft, ky, OMc, OMb, fy, and JFc)
and four stiffness parameters (CM, OF, M, and vM). Six of these parameters (namely Cm, CF,
M, ft, ky, and fy) have been directly related to 1-D model parameters, and therefore to the
results of a single tensile stress-strain relation (see Section 4.3.1). The rest of these parameters
can, for the most part, be obtained from easily obtained experimental data.
A compression test will provide two macroscopic strength values, the compressive strength
at first cracking, E, and the compressive composite yield strength, E'. From these values, the
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compressive composite strength values, oMc and OFc, can be determined:
CMc = 1 + Cm JFc C - mc (5.102)
Eq. (5.102) takes advantage of the uniaxial behavior which is inherent in the composite matrix
and the composite fiber just prior to first cracking and during composite yielding to determine
the individual stress contributions of each component in the macroscopic stress.
The composite matrix biaxial strength -Mb can be determined from an additional test, a
biaxial compression test on an unreinforced cementitious specimen. More simply, the composite
matrix biaxial strength can be estimated from known biaxial strength factors for unreinforced
concrete [49]:
9Mb 1.2uMc (5.103)
The compressive or tensile test can also provide a suitable estimate for the composite Pois-
son's ratio vM. However, this value can also be estimated from standard Poisson's ratios for
cementitious materials:
v 0.20 (5.104)
In all, the 3-D model parameters can be obtained from a single tensile stress-strain relation and
a single compression test.
5.6 Domain of Application for the 3-D Model
One drawback of the 3-D model, as developed here, is the inability to treat a crack closure
condition. Unlike the 1-D model, which represented crack closure with touching of the matrix
plates (see Figure 4-5), the loading functions of the HP2C model (matrix TC fTC, matrix
uniaxial DP fuN, matrix biaxial DP ft', fiber TC fFTC, fiber DP fP) only plastify with
dilatation of the material. That is, the plastic strains in the model can only volumetrically
expand, never contract, according to the associated plastic flow rules related to DP and TC
plastification. This may cause inconsistencies in a structural simulation in which a particular
element or integration point undergoes multi-directional load cycles (i.e. compression and
tension).
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Figure 5-12: Comparison of 1-D and 3-D HP2C Simulator Output for Uniaxial Cyclic Loading.
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Figure 5-13: Cyclic Loading of an Unnotched FRCC Specimen (Kesner [47]).
For example, complete load cycles for uniaxial loading of the 1-D and 3-D models are graphed
in Figure 5-12 for the same set of material parameters. The tensile load cycles (0-1-2-3) show
nearly identical solutions. Upon unloading (3-4), the two models also show identical elastic
stiffnesses. However, at point 4, the solutions diverge as the matrix phase of the 1-D solution
begins to plastify in compression. The 1-D composite matrix plastic strains in tension create
a lower compression limit, simulating a weaker open crack state, ep > 0. This composite
matrix plastification continues until the closed crack state, EP = 0. This closed crack-open
crack distinction is illustrated in Figure 5-13. By contrast, the plasticity in compression does
not occur until much higher compressive loads in the 3-D solution. Due to limitations in the
3-D model, it is difficult to model crack closure forces on an open crack state without creating
new deficiencies in the model or drastically increasing model parameters. Thus, the model is
restricted to monotonic loading, as the 3-D model may give inaccurate results for structural
simulations which include load cycling or multi-directional load histories.
For some structural simulations, a crack closure condition may be necessary - for example, a
complex structure where plastification in one segment results in significant stress redistribution
in another segment. One way to model this would be by imposing a loading function which
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Model Parameter Description
CM Stiffness of the composite matrix
CF Stiffness of the composite fiber
M Stiffness of the composite interface
VM Poisson's ratio of the composite material
ft Brittle tensile strength of the composite matrix
ky Post-cracking tensile strength of the composite matrix
UMc Initial compressive strength of the composite matrix
9Mb Initial biaxial compressive strength of the composite matrix
fy Tensile strength of the composite fiber
UFc Compressive strength of the composite fiber
Table 5.1: Parameters of the 3-D HP2C Model.
gives a contracting, as opposed to dilating, behavior to model compression-compression stress
states, such as a Willam-Warnke criterion [82]. Another possibility would be to model the
composite stiffnesses, CF and CM, with a special set of post-cracking stiffnesses, Cyc and Cc.
In this way, the reduced stiffness during compressive unloading could be captured (see Figure
5-13).
The assumption of isotropy places another limitation on the 3-D model's domain of appli-
cation. For a randomly oriented fiber system, isotropy is a reasonable supposition. However,
not all FRCC applications have randomly oriented fibers. In some cases, the randomness of the
fibers cannot be managed. An example of this would be a plate structure, where wall effects
would dictate a preferred fiber orientation. Accordingly, the 3-D model can only be applied to
randomly oriented fiber applications or cases where any anisotropy would not be manifested
structurally (e.g. a plate structure which is only loaded in the direction of the fibers). Of
course, the 3-D model can always be modified, somewhat easily, to account for a given fiber
orientation. The stiffness tensors, CF, CM and M, can be adjusted to reflect higher stiffnesses
in the direction of fiber orientation. Also, the 3-D loading function F 3D would also have to be
altered to replicate an anisotropic strength domain (e.g. Et becomes E, , ,, and Et,,,).
5.7 Chapter Summary
The 3-D HP2C model presented in this chapter extends the 1-D HP2C model presented in
the previous chapter. Assuming an isotropic behavior, the 3-D stress-strain relations and 3-
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D loading functions were provided. In addition, the 3-D model was calibrated with the 1-D
model to provide consistency. The 3-D model is characterized by ten parameters which are
summarized in Table 5.1.
The 3-D HP2C model has measurable benefits over standard elasto-plastic models for ap-
plication to HP2C including:
9 The two phase modeling of fibers and matrix will allow a quantification of their individual
behaviors and their interaction effects, particular during and after cracking.
9 The cracking in HP2C is represented as plasticity in the composite matrix, quantified as
permanent plastic strains. These permanent plastic strains, as shown in Chapter 3 (see
Eq. (3.77)), can be used as a measure of crack density or crack width. In addition, the
principal directions of the plastic strains in the composite matrix can signify the shape of
cracks in HP2C structures.
9 The stress drop modeled by this scheme will allow the representation of progressive crack-
ing with increased loading and demonstrate size effects caused by localized cracking.
Most importantly, the 3-D model serves as the basis for the finite element simulation.
That is, this model will eventually result in the structural simulation of HP2C elements. The
algorithm for implementation of the 3-D model is developed in the next chapter.
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Chapter 6
Elements of Computational
Mechanics and Implementation
To employ the 1-D and 3-D constitutive models outlined in Chapter 4 and Chapter 5, a reliable
implementation algorithm is required. To that end, return mapping algorithms, such as those
described in detail by Simo and Hughes [75], are applied. With these algorithms, the 1-D
and 3-D constitutive models can predict the stress-strain behavior of HP2C materials for a
set of material parameters and loading histories. In particular, the 1-D HP2C model, given in
Chapter 4, is applied in a web-based Java program, the 1-D HP2C Simulator. This program
allows users to simulate the 1-D stress-strain behavior of HP2C materials. Next, the 3-D HP2C
model shown in Chapter 5 is employed in the 3-D HP2C Simulator, the 3-D extension of the 1-D
HP2C Simulator. In addition to modeling the 3-D stress strain behavior of HP2C materials,
this program will confirm the reliability of the HP2C constitutive model and its implementation
algorithm.
Next, the 3-D model is written into a finite element program at the level of a finite element
integration point. With this finite element program, one may predict the structural behavior
of HP2C elements. Finally, a verification of the finite element implementation is performed
with simulations of uniaxially loaded elements. Thus, beginning with the 1-D HP2C model and
ending with an HP2C finite element implementation for structures, detailed methods for the
modeling of HP2C are provided in this chapter.
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1. Compute trial values
2. Check yield conditions
IF F < 0 THEN
Skip to step 4.
ELSE
Proceed to step 3.
3. Solve for plastic strains
Proceed to step 2.
4. Update the stresses
Table 6.1: General Form of the Return Mapping Algorithm.
6.1 The Return Mapping Algorithm
The algorithmic treatments of the 1-D and 3-D constitutive models are described by the closest
point return mapping algorithm. This return mapping algorithm, which is an implicit backward-
Euler difference scheme, applies the state and evolution equations of the constitutive models in
discretized form, i.e. in temporal and spacial increments, through an iterative procedure. With
this procedure, the multiphase, multisurface HP2C problem reduces to the standard problem
of finding the closest distance of the trial stress state to the elastic domain. Macroscopically
speaking, for a given set of material parameters and strain history, the algorithm is able to give
the macroscopic stress. In terms of structural simulation, it is this algorithm which discretizes
the constitutive models for use in finite element programs at the level of the integration points.
In this chapter, return mapping algorithms tailored to the needs of multisurface plasticity
for a two-phase model which features a brittle component are presented. The general form of
the return mapping algorithm is summarized in Table 6.1. The details of the execution of the
return mapping algorithm for the 1-D and 3-D case are discussed in the subsequent sections.
6.2 Return Mapping Algorithm for the 1-D Model
The 1-D model presented in Section 4.1.2 can be implemented with a 1-D return mapping
algorithm. This 1-D return mapping algorithm assumes that at the end of the n-th time
(loading) interval the state variables of the system {En, EM , E and a cracking parameter
x are known:
{E, , eP, X1 t=tn {En, e n, f,X} (6.1)
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This cracking parameter x tracks the cracking state in the composite matrix:
X n = Y AEMj + Y ( (6.2)
(j=o
where Y (Xh) is the Heaviside function:
IFxh < 0 THENY (X) = 0 (6.3)
IFsrh > 0 THENY(X) = 1
Eq. (6.2) gives a value x = 0 if the composite matrix is in its initial state (no cracking has
occurred), X = 1 if the composite matrix has cracked and in a "closed crack" state E = 0,
and X = 2 if the composite matrix has cracked and in an "open crack" state ep, > 0.
For a given strain increment AEn+l at load step t = t,+,, the updated state variables
and cracking parameter {En+i, 1En±'u I F Xn+ I must be determined. For this reason, the
1-D constitutive equations, state equations (4.2) and evolution equations (4.20) - (4.22), are
discretized with respect to time. These discretized constitutive relations are presented below.
Step 1. Compute trial values:
Rewriting the 1-D stress-strain relations (4.2) in discretized form, the trial component stresses
can be solved from the strain increment, assuming an elastic response:
tMril=LJJn1 trial F t-
Irin+l = OM,n + CMAEn+; , = Fn + CFAEn+1 (6.4)
where atral+ and ,trial represent the trial stresses at the updated time step tn+1 for the
component stresses updated from the stresses of the previous time step, OM,n and cF,n-
At first, this elastic response is assumed to be equivalent to the updated solution:
update trial a update trial (6.5)
M,n+1 7M,n+1' UF,n+1 =F,n+1 \65
Accordingly, the plastic flow is frozen: the plastic strain increments are set to zero and the
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updated cracking state, XuPdate, is set to the current cracking state.
eF',n+ -0; puPdateAEM,n±l-0 Pn1 = 0; upda- (6.6)
Step 2. Check yield conditions:
There are two yield conditions to check in the HP2C model - the yielding of the fiber phase
in either tension or compression and the cracking/yielding in the matrix phase. An algorithmic
parameter c, acts as an active surface pointer:
c' =Y (fF (c,?dne)) + 2Y(fM (or Mupdte> Xupdate (6.7)
where loading functions fF and fM are given in Eqs. (4.20)-(4.22). The composite matrix
loading function is also dependent on the cracking state XuPdate as suggested by Eqs. (4.20)-
(4.22):
fM (XuPdate
fM (Xupdate
fM (XuPdate
In the case that c, = 0, i.e. no active
updated (step 4). Otherwise, there will
=0)
=2)
=2)
(6.8)= aM - (ft + ky);
SMI - ky;
=r M - ky;
yield surfaces, the stresses and state variables can be
be new incremental plastic strains introduced (step 3).
Step 3. Solve for the plastic strains:
The yield surfaces given in (4.20)-(4.22), fFpa+ = 0 and fM,n+1 = 0, can be expressed in terms
of incremental permanent strains:
fM,n+1 = OM,n + CMA E + MAepFfl - (CM + M)de-,-P - sign(AE)ky = 0 (6.9)
fFn+1 = 'FFn + FAE + MAeP"en - (CF + M)A,,l - sign(A E)fy = 0 (6.10)
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or condensed into matrix form:
(CM + M) -M Ae-P,n+1
-M (CF +M) PFn+{ M,n + CMAEn+±- sign(AEn+1)ky
0F,n + CFAEn+1- sign(AEn+ 1 )fy
where the right hand side of Eq. (6.11) represents the trial value of the yield functions. The
condition for plasticity in the composite matrix shown in (6.11) represents the cracked condition,
(4.21) and (4.22), since, by definition, plasticity in the composite matrix only occurs when the
matrix is cracked. In addition, the unilateral contact condition of the composite matrix (4.21),
Epm > 0, requires:
EPMn+1 + -Pm, > 0 (6.12)
There are three possible cases for solving the changes in plastic strains:
1. IF c, = 1: Plasticity in the composite fiber
a. Ae n± =0.
b. Composite fiber incremental plastic strains Aep 1 given by (611).
c. Set XuPdate = Xn (no change in cracking state).
2. IF c, = 2: Plasticity in the composite matrix
a. AeP -0.F,n+1
b. Composite matrix incremental plastic strains Ae 1 ~n+ given by (6.11).
c. IF AePuM+1 + CPM, < 0 THEN AEPM+1 = -EPMn (6.12)
d. IF EP, + AeM = 0 THEN XuPdate - 2
ELSE XuPdate - 1.
3. IF c, = 3: Plasticity in the composite fiber and composite matrix
a. Composite fiber and matrix incremental plastic strains, AEP,+ 1 and , given
by (6.11).
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b. IF Aeyg 1 +± c < 0 THEN e' = - ni, (6.12) and recalculate AE from
(6.11).
c. IF ,n + AEPMn = 0 THEN XuPdate = 2
ELSE XuPdate - 1.
The updated stresses are reset with respect to the new values of incremental plastic strains:
uMpn1 =Od,n + CmAEn+1 + MAE, - (CM + M)AE&sPe; (6.13)
(7"update = F + CF A En+1 + MA?.yng - (CF + M) AePF 1
Step 2 of the return mapping algorithm must be repeated, checking the new stress state with
respect to the loading functions.
Step 4. Update the stresses:
By Step 4, c, = 0 as either there are no active yield surfaces or any active yield surfaces have
induced an appropriate plastic correction. The updated composite stresses and plastic strains
are as follows:
=Mnl o update C~~ rupdate (.4
M,n+1 M,n+ Fn F(n+1
where A?,, and Ap are given by (6.6) or (6.11) depending on whether or not a plastic
projection is required. The updated macroscopic stress and strain are:
Zn+1 = UFn+1 + Mn+1; En+1 = En + AEn+1 (6.15)
And the cracking parameter x must be updated:
Xn+1 = Xupdate (6.16)
where XuPdate is either unchanged from the previous loading step (6.6) or updated during step
3.
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The two-phase model may require multiple iterations through the checking of yield con-
ditions (step 2) and solving of the plastic strains (step 3). It is possible that the plastic
projection in one component, activates plasticity in another component. For example, an incre-
mental plastic strain in the composite fiber, ALe/ , will affect the stresses in the composite
matrix, ,pdat as shown in Eq. (6.13). Therefore, a plastic projection in a component must
be checked with regard to all the yield conditions, not just the yield condition of the individual
component.
6.2.1 The 1-D HP2C Simulator
The 1-D return mapping algorithm was programmed in a Java application, called the 1-D HP2C
Simulator, designed specifically for use on the internet. Given the 1-D material parameters (CM,
CF, M, ft, ky, fy) and the strain history E (t), the Java application simulates the stress-strain
behavior of an HP2C material. The 1-D HP2C Simulator is depicted in Figure 6-1 with an
example of 1-D output. On the left side of the graphic output window is the stress-strain curve
for a given set of material properties listed in the yellow box and a strain history shown in the
pink box. On the right side of the graphic output window, the physical representation of the
HP2C constitutive model is illustrated. This physical representation elucidates the evolution
of cracking and permanent strain in the HP2C model.
Figure 6-2 shows the evolution of the constitutive model during a complete loading cycle as
determined by the 1-D HP2C Simulator. Figure 6-2(a) shows the first stage of tensile loading,
namely the linear branch. Note the initial positions, circled in Figure 6-2(a), of the matrix
plates and fiber friction elements as no plasticity has occurred. In Figure 6-2(b), the entire
tensile stress-strain curve is depicted. After the linear elastic phase (stage 0-1 on Figure 6-
2), the plates split, representing matrix cracking. This is also circled in Figure 6-2(b) on the
constitutive model figure. The next stage of linearity (stage 1-2) represents composite matrix
plasticity and composite fiber elasticity. This continues until the composite fiber begins to yield,
represented by movement of the friction element. Here, there is pure plastic tensile behavior
from the composite (stage 2-3).
Upon compressive loading, (stage 3-4) in Figure 6-2(c), the material is initially elastic.
The composite matrix phase begins to plastify causing a change in stiffness (stage 4-5). The
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Figure 6-1: 1-D HP2C Simulator Output (http://cist.mit.edu).
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Figure 6-2: Stages of HP2C Loading: (a) Elastic Loading in Tension, (b) Complete
Tension Curve, (c) Unloading and Compression, and (d) Unloading from Compression
(http://cist.mit.edu).
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matrix plates eventually retouch creating another change in composite stiffness (stage 5-6). The
rejoining of the plates, highlighted with a circle, roughly represents the crack closure condition.
The fiber phase then plastifies causing a softening response in compression (stage 6-7). Finally,
Figure 6-2(d) depicts unloading from compression. This unloading has a linear elastic response
(stage 7-8), precisely the same response given during initial tensile loading. In some cases, the
unloaded HP2C model may maintain residual plastic strains.
This program was disseminated online (http://cist.mit.edu) as a learning tool for students
and engineers to highlight the behavior and capabilities of HP2C materials. In particular this
program can show the expected material behavior for given material constituent properties,
depicting changes in the components of the constitutive model as they occur (i.e. the splitting
of the plates as during cracking).
6.3 Return Mapping Algorithm for the 3-D Model
Implementation of the 3-D HP2C model, presented in Chapter 5, is an involved process: the two-
phase model has five different surfaces of plasticity which evolve according to the cracking state
(see Eqs. (5.44) and (5.45)). In this section, the 3-D return mapping algorithm, schematically
represented in Fig. 6-3, is outlined. Many of the details related to this algorithm are specified in
Appendix B. The return mapping algorithm presented in this section applies most specifically
to the triaxial loading case, i.e. all the strains are fixed. However, this method is easily
customized for the uniaxial condition and the biaxial/plane stress condition. The customized
(and discretized) constitutive relations for the uniaxial and plane stress cases are provided in
Sections B.2 and B.3 of the Appendix.
The 3-D state variables and cracking state are assumed to be known at time t = t, (compare
to the 1-D case (6.1)):
{E,eejX}|tta = Ene F, Xn (6.17)
where the cracking parameter x is now described by:
X= Y ) (6.18)
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Figure 6-3: Schematic Representation of the 3-D Return Mapping Algorithm for the Two-Phase
Material.
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where eP I is the magnitude of the composite matrix permanent strain tensor. Here, only
two composite matrix cracking states are modeled: x = 0 if the composite matrix is in its
initial state, X = 1 if the composite matrix has cracked. As discussed in Section 5.6, due to
the dilatation behavior in the composite matrix during plasticity (5.50), once cracking occurs
in the composite matrix, it remains cracked. In other words, there is no crack closure condition
as in the 1-D model (see Eq. (6.2)).
Given a strain increment AEn+ for the updated time step t = t,+,, the updated state vari-
ables and cracking parameter {En+, EMn+1, I Fn+1 n+1 must be solved from the discretized
3-D HP2C constitutive equations.
Step 1. Compute trial values:
The trial stresses in the composite matrix in the fiber are calculated assuming that the imposed
strain increment affects the stresses elastically:
S,n+1 = M,n+ 2GMdEn+1 + Kmtr (AE,+l) 1 (6.19)
4trial or
oFfn+l = OFn + 2GF AEn+1 + KFtr (AE,+i) 1
where oMal and tril1 represent the 3-D trial stresses for the component stresses updated
from the stresses of the previous step, oUM,n and 0 F,n, for a given strain increment AEn+1-
Eq. (6.19) is the discretized form of the 3-D stress-strain relation (5.15). This is portayed in
Fig. 6-3 (Step 1) where the component stresses, Orm,n and o-, are updated for a given strain
increment AEn+1-
From these trial stresses, one can derive the values necessary for the yield conditions and
the projections: Jtrial jtrial stral strial (see Section 5.1.2). At first, this elastic response is1,Ma 1,F t M F
assumed to be equivalent to the updated solution:
~update - trial 0'update trial (.0
M,n±1 UM,n+1; UFn+l rFn±1(620
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In accordance with this elastic assumption, the plastic flow is frozen:
AA = 0; xupdate -- x (6.21)
AE9  - 0; AEP ~
M,'n+1 - ' Fnr+1
where AA- = AA C AAUN AA, AA TC AA DP; and 0 is a 3 x 3 matrix with only elements of
zero.
Step 2. Check yield conditions:
There are five loading functions, given in Eqs. (5.44) and (5.45), to check in the 3-D HP2C
model - the matrix TC criterion fTC, the matrix uniaxial DP criterion fUN, the matrix biaxial
DP criterion fBI, the fiber TC criterion fTC, and the fiber DP criterion fFP. The expression
for the active surface pointer c, reads in the 3-D case (compare to the 1-D case, Eq. (6.7)):
=2Y ( C update update - 3Y (N (,update update (6.22)
4Y (f,! 1update update + joy / dtupdae / Orupdate
jM,n+ IA) (f!' IjFn+1)2 f Fn~l)
where the loading functions for the composite matrix are selected based on the updated cracking
state F 3D = F 3 D (Xupdate):
F 3D update= 0) = 3D,O. (6.23)
F 3 D (Xupdate = ) = F3D,cr
F3D,0 and F3 Dcr are provided in Eqs. (5.44) and (5.45). Figure 6-3 (Step 1) shows a composite
matrix which is at first in its uncracked state, FM = F_. After a stress update, the trial
composite matrix stress state trial sits outside of the strength domain. This induces cracking
in the composite matrix, xuPdate - 1, and consequently a change in the matrix loading functions,
Fm = Fc.
Theoretically, there are (25 =) 32 possible plasticity cases representing different permuta-
tions of the five applied loading functions: matrix TC, matrix uniaxial DP, matrix biaxial DP,
fiber TC, and fiber DP. Since the matrix TC and matrix biaxial DP cannot occur at the same
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time, there are only 24 practical permutations (23 of which require a plastic projection) which
account for the different values of c,:
cv = 0 :F 3 D < 0;
co = 3 :fUN > 0;CV = 3 1C >
cv = : fF > 0
Cv = 13 : fpNTC > 0
c, = 5:f CfNfTC>O;
c, = 13 : J > 0;cf =;U 23: N DP TC
cv = 25 : fFfCNf DP > 0;
cv = 30: fTC P> 0;
c= 33:ff JTCDP > 0;
Cv = 35 :ffbCN TC PN> f;
The stresses can be updated (step 4) if there
which no plastic deformation occurs. In this case
c, = 2 : > 0;
c =-4:- fBI;'> 0;
7UN fBI
c= 12:f720 fT0 > 0;
co C fTC
c= 14 : 7WJff > 0;
FBI FTC
S1 UN BI TC
c- = 22 fTC FDP
a= 24 : fy11 7fD > 0;
coB DP
c 2 UN BI DP
cv - C TC DPc1 32 : f7jC fC, fp > 0;
coB TC DPc-34: fVJ I DP >0 ;
c=37: f , fjIf, f )FP> 0
(6.24)
are no active loading surfaces, i.e. cV = 0, for
(6.25)
where the flow rule (refer to (5.46) and (5.47)) is written in discretized form. Otherwise, there
will be new incremental plastic strains introduced (step 3).
Step 3. Solve for the plastic strains:
The 3-D HP2C model involves 23 possible plastic projection cases which are explicitly solved
in Section B.1 in the Appendix. For a given set of active yield surfaces, one must solve the
corresponding set of plastic multipliers, for example with Eq. (B.32). The plastic multipliers
of non-active surfaces are equal to zero. With the set of incremental plastic multipliers, the
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Figure 6-4: Possible Plastic Corrections for a Given Composite Matrix Stress State.
resulting incremental plastic strains can be calculated with (B.1) and (B.2).
What is important to note is that cv denotes the yield surfaces that might be active -
that is, cv does not dictate, only suggests, the projection scheme. This is illustrated in Fig.
6-4. A given composite matrix stress state atri+l denoted (0), lies outside of the post-
cracking matrix strength domain. For this case, c, = 5, for which fUN > 0 and f'C > 0.
Given two active load surfaces, there are three possible plastic corrections: A) only ff - 0,
B) only f UN - 0, or C) fjf = fUN = 0. Solution (A), while satisfying fTc - 0, is an
unacceptable solution as it lies outside of the strength domain, F 3D > 0. Solutions (B) and
(C) both give valid plastic corrections, F 3D < 0. However, solution (B) represents the "closest
distance" - that is, the smallest plastic intensity AA for a valid solution. Therefore, solution
(B), f N = 0, represents the most appropriate solution. In this case, the plastic multiplier for
the active surface has a nonzero value, AAUN 4 0, while the other plastic multipliers are zero,
AATc A BI = AArC P 0. This example shows that for the sake of computational
efficiency, given any value of c. which suggests multiple active yield surfaces, one must check the
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simplest cases first, i.e. one-surface projections, then two-surface projections, then three-surface
projections, and finally four-surface projections.
This gives as a general plastic projection algorithm:
1. IF c, = 2, 3, 4, 10, or 20: One-surface plasticity
a. Set XPdate - x (no change in cracking state).
b. Get a solution for AE and AE .
M,i+1 EFn+l
2. IF c, = 5, 7, 12, 13, 14, 22, 23, 24, or 30: Two-surface plasticity
a. Exhaust the relevant one-surface plasticity possibilities. For example, if c, = 13, get
solution for c= 3, then c, = 10.
b. Set Xupdate = x (no change in cracking state).
c. If the one-surface plasticity possibilities are exhausted without giving an appropriate
solution, cV # 0 or AA, < 0, solve the two-surface case for Ae ± and AE +-
3. IF cv = 15, 17, 25, 27, 32, 33, or 34: Three-surface plasticity
a. Exhaust the relevant two-surface plasticity possibilities. For example, if cV = 33, get
solution for cv, 13, c, = 23, then c, = 30.
b. Set X"Pdate = x (no change in cracking state).
c. If the two-surface plasticity possibilities are exhausted without giving an appropriate
solution, cV $ 0 or AA- < 0, solve the three-surface case for Ae + and AEP+
4. IF cv = 35 or 37: Four-surface plasticity
a. Exhaust the relevant three-surface plasticity possibilities. For example, if c, = 35, get
solution for cv = 15, cv = 25, cv = 32, then cv = 33.
b. Set XuPdate X (no change in cracking state).
c. If the three-surface plasticity possibilities are exhausted without giving an appropriate
solution, cv $ 0 or AAi < 0, solve the four-surface case for Ae ± and AEPi .
5. ELSE: Five-surface plasticity
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This is solved by performing four-surface plasticity solutions for c, = 35 and c, = 37 until
finding the appropriate plastic correction.
After solving for the incremental plastic strains, the cracking state in the composite matrix
is suggested by the plastic projection:
IF I A 0 THEN XuPdate = 1 (6.26)
and the composite stresses are:
update a trial 2(GM -1- Md MAcP +
Mn"l = Mn - 2(G m ) M,n+1 F,n+ (6.27)
+ [-(Km + Mv)trdEIjMp + MvtrdFn+1 ] 1;
update trial 2(GF + Md)AEP + MdAEP(7F,n+1 rFn±1 - '(FFn±1 M,n+1
+ [-(KF + Mv)trdeFn+1 + Mvtrde ] 1
Step 2 of the return mapping algorithm must be repeated, checking the new stress state with
respect to all the loading functions.
Step 4. Update the stresses:
If there are no active yield surfaces, cv = 0, and the Kuhn-Tucker conditions are not broken (see
Eqs. (5.46) and (5.47)), AAi > 0, the composite stresses and strains are updated as follows:
OM,n+1 = update aFn+1 update (6.28)
M ,n+1 = en + AeM+ 1  F,n+1 F F,n+
where AE p and AEP are zero if there are no plastic projections (6.21) or modified due
to plastic projections (step 3). In addition, the macroscopic stress and strain are:
En+1 = Fn+1 + UM,n+1; En+1 = En + AEn+ 1  (6.29)
and the cracking parameter is:
. xn+ = Xupdate (6.30)
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where X"Pdate is unchanged from the previous loading step (6.21) or altered due to composite
matrix cracking (6.26).
The 3-D HP2C model may require multiple iterations through checking the yield conditions
(step 2) and solving the plastic strains (step 3). Just as in the 1-D HP2C model, it is possible
that the plastic projection in one component activates plasticity in another component. For
example, an incremental plastic strain in the composite matrix, AE + will influence theM 'n+11
stresses in the composite fiber, aF,n+1, as expressed in (6.27). This is exemplified in Fig. 6-3
where a plastic correction in the composite matrix induces a stress state change in the composite
fiber. Therefore, a plastic projection which satisfies one set of active yield conditions must be
checked with regard to all the yield conditions, not just the original set of activated yield
conditions. Furthermore, a plastic projection which satisfies the loading conditions F 3 D <0,
may not adhere to the Kuhn-Tucker conditions, AAi > 0. This can occur when an irrelevant
yield surface is taken into account in the plastic projection. In this case, the plastic strains
must be solved again for a different set of active yield surfaces (repeat step 3).
6.3.1 The 3-D HP2C Simulator
The 3-D HP2C Simulator is the Java implementation of the 3-D HP2C constitutive model, the 3-
D counterpart to the 1-D HP2C Simulator. The 3-D HP2C Simulator consists of three different
sub-programs, the Triaxial Loading Simulator, the Uniaxial Loading Simulator, and the Plane
Stress Loading Simulator, each customized to handle various 3-D loading configurations. Given
10 material parameters (CM, CF, M, ft, ky, UMb, 0 Mc, UFt, UFc, VM) and a strain history,
the stress output, corrected for plasticity in the composite fiber and the composite matrix, is
calculated.
An example of the output given by the return mapping algorithm for the 3-D HP2C model
is illustrated in Figure 6-5, a depiction of the Triaxial Loading Simulator. The 3-D stress and
strain states are represented with Mohr's circles (in black). The green, red, and orange circles
on the Mohr's planes represent the strain and stress states in the X - Y, Y - Z, and Z - X
planes, respectively. The strain deformation is also represented in the upper right corner of the
3-D HP2C Simulator with deformed squares representing deformation in HP2C specimens.
This program was disseminated online as a learning tool for students and engineers to high-
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Figure 6-5: 3-D HP2C Simulator Output (http://cist.mit.edu).
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light the behavior and capabilities of HP2C materials. In addition to allowing users to simulate
the mechanical behavior of HP2C materials under various loading conditions for given mate-
rial constituent properties, this program is capable of providing cracking parameters X,+1 and
E n from which the cracking state, crack width, and crack orientation can be calculated (as
will be discussed in Chapter 7). Finally, the 3-D HP2C Simulator demonstrates the capabilities
of the 3-D HP2C constitutive model and proves the reliability of the 3-D HP2C algorithm for
implementation in a finite element program.
6.4 The Finite Element Program
The finite element implementation of the 3-D HP2C model represents the link between material
modeling and structural application. With a finite element realization of the HP2C model, one
can simulate structures composed of HP2C. In this section, the finite element program and the
realization of the 3-D HP2C model is discussed.
The 3-D HP2C model was applied in a pre-existing finite element program, CESAR-LCPC,
a FORTRAN application particularly suited to civil engineering problems such as those in
structural mechanics, soil mechanics, etc. The CESAR-LCPC solution is comprised of three
main programs: MAX, which is the finite element preprocessor, CESAR, which executes the
finite element calculations, and PEGGY, which is the post-processor. These three programs
which operate through a common data base, manipulate given simulation values, such as the
simulated geometry, material values, boundary conditions, and load history to give the model
response. The CESAR program is comprised of specific simulation modules to manage different
material behaviors including linear elastic, elasto-plastic, diffusion problems, coupled problems,
etc. An HP2C finite element module was coded for the CESAR program to handle the unique
mechanical behavior of HP2C which includes elastic, brittle, and plastic behaviors.
6.4.1 Principle of Virtual Displacements
The finite element method for the HP2C problem is defined by the principle of virtual displace-
ments (see, for example, [6]). The principle of virtual displacements is characterized by a set
of equilibrium equations, unknowns of the system, and boundary conditions. The mechanical
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problem for HP2C can be summarized by four main conditions:
" Geometric compatibility:
E = (grade + grad&T) (6.31)
where is the microscopic displacement field which dictates the macroscopic strain E.
" Stress equilibrium:
divE + k = 0 (6.32)
where E denotes the macroscopic stress and k = pf is the vector of volume forces (see
Section 5.1.1 for details).
" State equations: The state equations for the stresses are written explicitly for the 3-D
case in Eq. (5.15).
" Evolution equations. These are given by Eqs. (5.44) - (5.48) for the 3-D HP2C model.
The unknowns of the HP2C problem are (x) and E (x), the displacement field and stress
field at a coordinate x in a system Q. The boundary conditions are given by:
Td = E (x) -n and (x) = $d on DQj (6.33)
where Td is the vector of prescribed surface force density, d is the vector of prescribed dis-
placements, and &Qf is the surface of the system. Consider an arbitrary virtual (continuous)
displacement field (x) which satisfies [61:
((x) = 0 on 9Qf (6.34)
Multiplying (6.32) with ZdQ, and integrating over Q, while using the divergence theorem and
the symmetry of the macroscopic stress tensor E, yields the weak form of the stress equilibrium
condition in the standard form:
Jn: EdQ = I - (E -n) dS + j-kdQ (6.35)
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where E = (grad4 + grad ). The right hand side of the equation expresses the (virtual)
work of the external forces (surface and volume forces), while the left hand side represents
the work done by internal stress reactions. The latter refers only to the macroscopic stress ED
(which is the only stress quantity in the model related to external forces as first described in
Section 5.1.1), and not to the stresses of the composite components, UM and 0 F. Instead, the
stresses in the individual components are dictated by their state equations (5.15) and evolution
equations (5.44) - (5.48). In other words, even if one component of the two-phase material
exhibits softening behavior, the overall response in terms of displacement and stresses obtained
by finite element simulation will remain stable. In this way, the apparent softening behavior
shown by the composite matrix exhibited during uniaxial loading (see Section 5.3.2, Fig. 5-11)
does not compromise the stability of the HP2C model at the structural model (finite element)
level.
6.4.2 Finite Element Equations
Utilization of the finite element method requires a spacial discretization of the system. That
is, the system is divided into a number of finite elements interconnected at nodal points on the
element boundaries. The relationship between the displacement field (x) and the vector of
unknown displacements at the nodes {U} is:
(x) = [N (x)] {U} (6.36)
where [N (x)] is the (chosen) displacement interpolation matrix. With (6.36), the corresponding
element strains can be determined:
E (x) = [B (x)]{U} (6.37)
where [B (x)] = 0 [N] /ox is the strain-displacement matrix.
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Using (6.36) and (6.37), Eq. (6.35) is written in matrix formi:
{R} = {Fint} -{Fext} = 0 (6.38)
where {Fit} is the vector of internal forces and {Fext} is the vector of external forces:
{Fint} =j [B]I ZdQ (6.39)
{Fext} k [N] dQ + T [N] dS (6.40)
and {R} is the residual force vector for global equilibrium. For a nonlinear material law, such
as the HP2C constitutive model, the solution of (6.38) requires a linearization. Using the
Newton-Raphson method, (6.39) is rewritten:
Fnt F + OE ={F }+ [ B]I [B] dQ] {d()U}
(6.41)
where (i) is the number of the iteration step in Newton's method, and d(')U = U) - U- 1 )
is the corresponding incremental displacement. For a pure elastic behavior, recall that OE/OE
is equivalent to the sum of the 4th order stiffness tensors for the composite matrix and the
composite fiber, CM + CF (see Eq. 5.7). In this case, substitution of (6.41) in (6.38) gives:
[K] {d()U} = {Fext} - {F(T1'} (6.42)
where
[K] = [B]I (CM + CF) [B] dQ (6.43)
During plastic loading aE/OE represents a tangent operator between two consecutive iterative
stress states. In this approach, applying a restriction to monotonic loading, the initial tangent
operator defined by (6.43) is used during the entire iteration procedure. This may indeed require
'As it is standard FE-practice, the same discretization and strain-displacement relations for the 'real' and the
'virtual' displacement vectors are employed to obtain (see Eq. (6.35)) {U}T {Fi"t} = {U}T {Fe.t}, which must
hold for any value of virtual displacement {U}T, i.e. (6.38).
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a few more iterations (given a low convergence rate), and could be improved by consistent
tangent operators (see e.g. [75]). Furthermore, the right hand side of (6.42) is evaluated with
(6.39) in which the stress E is solved from the local return mapping scheme developed in Section
6.3.
6.4.3 The HP2C Finite Element Module
The general HP2C finite element algorithm as actualized in CESAR is represented in Figs. 6-6
and 6-7. As shown in these figures, the HP2C finite element module can be described at two
levels, the structural level and the element level. At the structural level, subroutine BLHP2C
reserves memory and stores HP2C model parameters. Subroutine EXHP2C executes the finite
element process at the structural level. This includes assembling the global stiffness matrix [K],
cycling through the loading steps, checking for convergence in the residual vector {R}, etc.
Subroutine CALRES manages the finite element process at the element level. This includes
cycling through the elements and the integration points to solve the vector of internal forces.
It is at the integration point level in subroutine CPHP2C that the return mapping algorithm
for the 3-D HP2C model, as described in Section 6.3, is utilized. Two loading types were
programmed in the CPHP2C subroutine, the plane stress solution and the general triaxial
solution (see Appendix B).
6.5 Verification of the HP2C Module - A Uniaxial Simulation
Before application to HP2C structures, the HP2C module requires verification for stability and
consistency at the material level. As an example, the uniaxial response of an HP2C element
produced by the finite element module is shown in this section. Table 6.2 lists the model
parameters determined from the HP2Ca test as examined in Section 4.3. The uniaxial response
of this material, as determined analytically is shown in Fig. 6-8, demarcated with a solid
line (denoted "Analytical Solution"). The analytical solution is compared with three different
CESAR simulations in Fig. 6-8:
* CESAR Output - the uniaxial response of a single HP2Ca square element. For displace-
ment driven plane stress and plane strain material-level simulations, the finite element
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Figure 6-6: General Algorithm of the HP2C Module at the Structural Level.
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Figure 6-7: General Algorithm of the HP2C Module at the Element Level.
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Figure 6-8: Uniaxial Response of Finite Element Simulations Compared with the Analytical
Solution. Model Parameter Values Listed in Table 6.2.
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Model Parameter Values
CM 46.8 GPa
CF 0 GPa
M 1.52 GPa
ft .7MPa
ky 6.6 MPa
aMc 180 MPa
UMb 220 MPa
fy 2.43 MPa
U-Fc 5 MPa
VM .2
Table 6.2: Model Parameters Determined from HP2Ca Direct Notched Tensile Test Data.
solution is, by definition, equivalent to the programmed analytical solution, the return
mapping algorithms for the plane stress and triaxial conditions, respectively. However, in
some cases, such as stress driven tests and uniaxial tests, a numerical solution is required.
Numerical solutions from CESAR were compared with analytical solutions, showing a
high degree of accuracy.
* 100 Elements - the simulation of an HP2Ca square composed of 100 elements (10 x
10). Again, the finite element solution showed very good convergence between different
meshing densities.
* Axisymmetric Solution - the finite element solution for the uniaxial response of a cylin-
drical element. Of particular interest is the consistency of the solution algorithm for
plane stress elements (i.e. a cube) compared to axisymmetric elements (i.e. cylindri-
cal elements), which will demonstrate reliability of the modeling algorithm. As shown,
the finite element module also demonstrates success for consistency across these element
types.
6.5.1 Domain of Application for the Finite Element Program
One of the limitations of the finite element program is its unsuitability for modeling microme-
chanical problems. To exemplify this shortcoming, the HP2Ca notched tension test, first pre-
sented in Section 4.3, is reexamined. The HP2Ca stress-strain behavior (and the corresponding
composite model parameters) was determined from the load-displacement data (Fig. 4-9) given
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Figure 6-9: Mesh Design of the Notched Test Simulation: (a) Coarse Mesh, (b) Fine Mesh.
by a notched cylindrical specimen, as described in Table 4.1. Stress was calculated to be the
total applied load divided by the area of the notched cross section, strain was calculated to be
the displacement divided by the gauge length. However, due to the effect of the notch, this
"direct conversion" of load-displacement to stress-strain may not be entirely accurate.
In an attempt to evaluate the accuracy of the direct conversion method, the HP2Ca notched
cylinder test was simulated with the finite element program. Two meshes were used to simulate
the notched cylindrical test in the finite element program, a coarse mesh and a fine mesh, as
illustrated in Fig. 6-9. The FE mesh is composed of axisymmetric elements which model the
half length of the cylinder. In Figure 6-9, the axis line of the cylinder is denoted (A-B), the
notched cross section is indicated (B-C), and displacement-driven tensile loading was applied
along (A-D). The model parameters of the FE simulation (material parameters from direct
conversion) are listed in Table 6.2.
The stress-strain results of the FE simulation for the coarse mesh and the fine mesh are
shown in Figure 6-102. In the figure, these results are juxtaposed with the assumed material
behavior. As demonstrated, the FE simulation of the HP2Ca notched test gives drastically
different stress-strain results than the stress-strain input. In addition to giving much higher
post-cracking stresses, the FE simulation does not capture the brittle stress drop at first crack-
2Stresses described here are the average stress over the notched section. This was calculated by integrating
the stresses over the notch and dividing by the notched area.
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Figure 6-10: Stress-Strain Behavior Calculated from the Notched Cylinder FE Simulation Com-
pared to the Assumed Material Behavior.
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Figure 6-11: Stress Profile along the Notch of the HP2Ca Test Specimen.
ing3 . Compare this notched test result with the stress-strain output of unnotched simulations in
Fig. 6-8 which give the exact material input result. While this notched result suggests that the
direct conversion of notched test load-displacement data is highly inaccurate, an examination of
the stress gradient along the notched section reveals that it is rather a question of separability
of the scales (required for the application of the macroscopic model) which is violated in this
simulation.
Figure 6-11 displays the FE calculated stress profile along notched cross section at a very
small displacement. At a distance of 20 mm to 22 mm from the cylinder axis (the outer region
of the notched section), a very large stress gradient exists. These localized stress regions of the
notched cylinder model, i.e. the large stress gradient span of 2 mm, are much smaller than
heterogeneous phases of the HP2C material, such as the 13 mm long reinforcing fibers, thus
3 The localized stresses effectively apply a confinement stress on the specimen, which allow the notched spec-
imen to seemingly attain stresses much higher than the input strength limits.
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violating the condition of use for any macroscopic material model in continuum mechanics. In
other words, this finite element simulation attempts to capture micromechanical phenomena
with a macroscopic model. The material input was determined from the average stress deter-
mined at a length scale equal to the size of the notched specimen; the FE simulation models
local stress gradients which occur at a much smaller scale. This is why the model is inappro-
priate for simulating stresses in the chosen notched specimen application. This is one limit of
the model which remains true to its macroscopic motivation, that is the application to HP2C
structures.
6.6 Summary and Perspectives
This chapter outlined the computational development of the HP2C constitutive model into
multiple computer programs: the l-D HP2C Simulator, the 3-D HP2C Simulator, and the HP2C
finite element module. The 1-D HP2C Simulator portrays the uniaxial mechanical response
of HP2C materials based on a few, easily understood material parameters. This program also
depicts the evolution of the constitutive model to aid in the understanding of the HP2C material
processes. This program is a user-friendly learning tool which will elucidate the advantages of
using HP2C over conventional concretes from a material perspective.
The general 3-D HP2C Simulator program includes three different sub-programs: the Uniax-
ial Loading Simulator, the Plane Stress Loading Simulator, and the Triaxial Loading Simulator.
These programs simulate the 3-D mechanical response and approximate the cracking behavior
in HP2C materials. The Uniaxial Loading Simulator bridges the extension from the 1-D HP2C
model to the 3-D HP2C model, highlighting the differences and, more importantly, the similar-
ities between the 1-D and 3-D HP2C models. The Plane Stress Loading Simulator and Triaxial
Loading Simulator show the viability of the 3-D HP2C model for execution in a finite element
program.
The HP2C finite element program will allow users to model HP2C structures. Ultimately,
this finite element implementation will serve as an industrial design solution. In terms of
this investigation, the finite element program provides a powerful tool which can examine the
ductility of HP2C at a structural level.
205
Part III
ENGINEERING APPLICATION
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Chapter 7
Large Scale Structural 3-D Model
Validation and Size Effect Study of
Model Parameters
To this point, this investigation has been devoted to the study of HP2C ductility at the mi-
cromechanical (Chapters 2 and 3) and the material level (Chapters 4 and 5). The final part of
this thesis entails the study of HP2C ductility at the structural level. The HP2C finite element
module, developed in the previous chapter, is the main tool with which the structural effect of
ductility will be investigated.
Before utilization for structural simulation, the HP2C model implementation, which was
verified for computational consistency in Section 6.5, requires validation at the structural level.
Validation entails a quantitative assessment of the nonlinear behavior as predicted by the model.
This includes an evaluation of local results, such as strains given by strain gauges placed on
the structure, and global results, such as a load-displacement curve. Furthermore, this model
must be proven capable of replicating HP2C structural behavior under different loading config-
urations, e.g. bending, shear, etc. To this end, the model is validated with two case studies, a
large scale flexure test and a large scale shear test, on two different prestressed HP2C beams.
The last part of this chapter explores how material input parameters are affected by size
effects. More specifically, theories regarding size effects in HP2C material parameters which were
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Figure 7-1: Cross Section of the AASHTO Type II Girder: (a) Actual Beam and (b) Idealized
Finite Element Simulation.
developed using a micromechanics approach in Section 4.2.4 are substantiated at the structural
level with experimental examples: a small scale beam test and two self-similar notched beam
tests. By way of conclusion, the domain of application of the HP2C model for the ductility
assessment of HP2C structures is defined.
7.1 The FHWA Large Scale Structural Tests
To validate the HP2C model and its finite element implementation, two case studies are pre-
sented: a flexure test and a shear test. These tests were carried out by the Federal Highway
Administration (FHWA) at the Turner-Fairbank Highway Research Center Structures Labora-
tory in McLean, Virginia under the direction of Joey Hartmann and Benjamin Graybeal [29].
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Both of these tests are numerically simulated to gauge the accuracy and reliability of the HP2C
model. The finite element simulation is validated with the experimental data with respect to
three different criteria:
9 Load-deflection curves. The load-deflection curves of the FHWA specimen and the FE
simulation demonstrate very good correlation.
9 Strain gauge measurements. The FE program provides results for the deflection of the
nodes in a given mesh during loading. Strain results are calculated as the change in
distance between two nodes divided by the original distance between the nodes. Strain
predictions obtained from the FE simulation exhibit excellent agreement with strain mea-
surements from strain gauges placed at various locations on the FHWA specimens.
9 Cracking patterns. Plastic strains in the composite matrix can be related to cracking in
HP2C. Using Eqs. (3.73) and (3.77), one may convert the principal composite matrix
plastic strains em, into crack widths u:
U = XCrlMI (7-1)
where x,- is the spacing between cracks (see Eqs. (3.78) and (3.79)). The composite
matrix plastic strains as given by the FE simulation accurately model cracking observed
in the FHWA specimens.
Both tests involved AASHTO Type II girders, depicted in Fig. 7-1(a), comprised of the
HP2Cb material described in Section 4.3 and Table 4.1. The AASHTO Type II prestressed
concrete girder is a 91 cm high beam with a 30 cm wide top flange, 15 cm wide web, and a
46 cm wide bottom flange. The AASHTO Type II girder is prestressed with 26 steel tendons,
each 1.27 cm in diameter, composed of low relaxation steel with 1,860 MPa strength and 200
GPa stiffness [2]. Each prestressing tendon was initially loaded to 55% of its ultimate strength.
Half of the tendons in the bottom flange were debonded for 91 cm from each end [29]. No shear
reinforcement was used in either girder.
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Model Parameter_ HP2C Only HP2C with Tendons, BF1 ] HP2C with Tendons, BF2
Cm [GPa] 53.9 53.9 53.9
CjB [GPa] 0 6.0 4.4
M [GPa] 1.65 1.65 1.65
VM [1] 0.17 0.17 0.17
ft [MPaj 0.7 0.7 0.7
ky [MPa] 6.9 6.9 6.9
UMc [MPa] 190 190 190
JMb [MPa] 220 220 220
f(B) [MPa] 4.6 29.6 22.9
UFc [MPa 10 30 30
Ductility Parameter
RK 3 12.4 10.6
RD 1 10 10 10
lzs [1] 1.5 4.2 3.8
Table 7.1: Values of HP2C Model Parameters Used in the FHWA Flexure
Element Simulations and Associated Ductility Parameters.
and Shear Finite
7.1.1 Section Modeling
Given the focus of this study, namely the determination of the global response of the simulated
girders for validation purposes, the AASHTO Type 11 girders are modeled in 2-D with solid
plane stress finite elements. The FE meshes are comprised primarily of four-noded quadrilateral
elements with some three-noded triangular elements. For each simulation, two types of meshes
are examined, a coarse mesh and a fine mesh. To model the irregular girder cross section, the
girder is partitioned along its height into five subdivisions of varying width as illustrated in Fig.
7-1(b): the lower part of the bottom flange (BF1), the upper part of the bottom flange (BF2),
the web (W1), the upper part of the top flange (TF1), and the lower part of the top flange
(TF2). Each 2-D solid finite element was assigned a thickness according to its subdivision.
7.1.2 HP2C Model Parameters
The 3-D material parameters for HP2Cb are given in Table 7.1, labeled "HP2C Only". The
tensile material parameters (Cm, CF, M, ft, ky, and fy) were derived from the tensile notched
plate test data graphed in Figure 4-10. The rationale behind using notched tensile data is
that it is presumed that the notched configuration best reflects - in an average sense - HP2C
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structural behavior, particularly after cracking. This rationale is revisited at the end of the
chapter. Using published HP2C compression test data [3], uniaxial compression values (acm
and UFc) were determined from (5.102). The composite matrix biaxial strength value, aMb, was
estimated from (5.103) and the Poisson's ratio value, vM, was obtained from tests performed
by the FHWA [28]. The composite fiber stiffness was set to zero, CF = 0, which reflects the
supposition of negligible stresses in the reinforcing fibers during elastic loading (see Section
4.3.1). In other words, it is assumed that the composite fiber phase is only activated after
cracking.
Table 7.1 also lists some material invariants (referred to as ductility parameters) of the data
set related to the macroscopic tensile behavior (see Fig. 3-4): the ratio of post-cracking stiffness
to initial stiffness RK = K 1 /Ko, the ductility ratio (described in Section 4.2.3) RD =ky/f,
and the ratio of composite yield strength to the first cracking strength RS = E2/E. These
ductility parameters are studied in depth in the next chapter.
7.1.3 Simplified Modeling of Prestressing
As depicted in Fig. 7-1, the prestressing tendons are not explicitly simulated in the finite element
model. Instead, the equivalent effect of the tendons is modeled, that is (1) the prestressing forces
and (2) the contribution of the tendons to the stiffness and strength.
To capture the effect of prestressing forces, an equivalent external pressure is applied at the
ends of the girder, particularly on the bottom flange, BF1 and BF2, and the upper part of the
top flange, TF1 (see Fig. 7-2). The prestressing pressure p is calculated according to:
p = 0.55 (cTa') (7.2)
where factor 0.55 refers to the level of prestressing in the tendons. Subscript "T" refers to the
prestressing tendons; CT is the volume fraction of the tendons in a particular cross sectional
subdivision i (i.e. CT = AT/Ai where AT is the cross sectional area of the tendons in the
subdivision and Ai is the total area of the subdivision) and a' = 1,860 MPa is the strength
of the tendons. In BF1, CT = 3.0%, in BF2, cT = 2.2%, and in TF1, cT = 0.6%; CT = 0% in
the other cross sectional areas. Thus, the magnitude of p varies along the height of the girder
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Figure 7-2: Loading Configuration and Strain Gauge Locations for the FHWA Flexure Test.
according to the tendon concentration cT.
7.1.4 Effective Stiffness and Strength of the Bottom Flange
At the structural level, the bottom flange is analogous to a composite material comprised of
two homogeneous phases, the HP2C and the prestressing tendons. (This composite effect is
ignored for the top flange as the volume fraction of the tendons is negligible.) In this case, the
stiffness of the bottom flange EB can be assigned an upper bound using the general rule of
mixtures (3.19):
EB = EHP2C + CT (ET - EHP2C) (7-3)
where EHP2C is the stiffness of the HP2C and ET = 200 GPa is the Young's modulus of
the tendons. As discussed in Section 3.2.2, the rule of mixtures represents an assumption of
a constant strain field in the flange. Thus, for the tendon-HP2C composite, (7.3) implies a
perfect bond between the HP2C and the prestressing tendons. In the simulations, the stiffness
change due to the tendons is enforced through the stiffness of the composite fiber phase in the
bottom flange Cf, while the composite matrix stiffness is kept constant:
CI = CF + CT (ET - CF) (7.4)
The presence of prestressing fibers also affects the composite yield strength of the bottom
flange. Based on yield design theory, it can be shown that a lower strength bound of a uniaxially
reinforced composite is simply the lower strength of the two composite components [85], in this
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case:
min (JHP2C; 0") < EB (7.5)
where EB is the actual strength of the bottom flange and CrJ 2 = = k+fy is the composite
yield strength of HP2C. On the other hand, an upper strength bound as given by yield design
theory is the weighted average of the composite components [85]:
B HP2C + cT (u1 - UHP2C) (7.6
The lower strength bound (7.5) is derived from the assumption of a constant stress field, while
the upper strength bound (7.6) is based on the assumption of an identical strain rate field in
the tendons and the HP2C at plastic failure. Finally, to account for the initial prestressing level
of 55% of the tendon strength (7.2), or in both (7.5) and (7.6) is adjusted:
min (aHP2C; 0.45or) < E (77)
B & cJHP2C +eT' (0.45au - GrHP2C) (7.8)
In the simulations, the upper strength bound (7.8) is applied to the yield strength of the
composite fiber phase in the bottom flange fy , while the composite matrix strength ky is
unchanged:
fy < fy + CT (0.45au - fy) (7.9)
The parameter values (and associated ductility parameter values) for the HP2C with a tendon
effect (7.4) and (7.9) are provided in Table 7.1 ("HP2C with Tendons, BF1" and "HP2C with
Tendons, BF2"). As shown in Table 7.1, the values for UF, are also increased to ensure UFc > fy
and, as a consequence, c{P > 0 (see Eq. (5.42)), which is a requirement of the Drucker-Prager
criterion (5.27). The new values of aFc were chosen to be arbitrarily larger than fy, but since
no compressive yielding occurred in the bottom flange of the FHWA tests, the exact value of
this parameter is irrelevant.
For each case study, two different set of material parameters were used, a lower bound set
and an upper bound set. The lower bound represents an "HP2C Only" structure. That is, the
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structural effect of the prestressing tendons was neglected except for the prestressing load p. In
other words, this lower bound neglects any additional dissipative mechanisms related to tendon
yielding, friction at the tendon-HP2C interface, etc. In turn, the upper bound represents the
maximum possible effect of the prestressing tendons on the stiffness and strength of the bottom
flange (Eqs. (7.4) and (7.9)). This upper bound overestimates the yielding capacity at failure,
as it neglects the possibility of bond failure as a kinematic failure mechanism.
7.1.5 Application of Loading
For both case studies, the prestressing pressures and gravity loads were simultaneously applied
first. Then external loads were applied in 20 to 25 load steps, graduated such that smaller
load steps were applied after the onset of plasticity. For this nonlinear material, iterations were
required at each load step to ensure convergence for the magnitude of the vector of residual
forces to a tolerance of 0.01 (see Eq. (6.41)). A modified Newton-Raphson method in which the
tangent modulus is always fixed to the initial tangent modulus was employed at each iteration
step (see Section 6.4.2). For some load steps, convergence could not be achieved (e.g. load
application greater than the capacity of the structure). Thus, the simulation was stopped when
a given load step required more than 2000 iterations to converge.
7.2 Case Study: FHWA Flexure Test
For the FHWA flexure test, an AASHTO Type II girder with a 23.9 m long test span was loaded
in four point bending with two equal load points (total load P) located 0.9 m from the midspan.
The loading configuration and beam geometry for the FHWA flexure test is illustrated in Fig.
7-2. Figures 7-3(a) and 7-3(b) display the boundary conditions and load application locations
for the coarse mesh, which is composed of 1005 elements, and fine mesh, which is composed
of 2391 elements. Figures 7-3(c) and 7-3(d) show the deformed shapes of the coarse and fine
mesh, respectively.
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Figure 7-3: Mesh and Boundary Conditions for the FHWA Flexure Simulation: (a) Coarse
Mesh, (b) Fine Mesh, (c) Deformed Coarse Mesh, (d) Deformed Fine Mesh.
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7.2.1 Global Results: Load-Deflections Curves
The load-deflection results from the FHWA experiment and the finite element simulation are
graphed in Fig. 7-4. Four different FE results are plotted in the figure: the upper bound
with a coarse and fine mesh and the lower bound with a coarse and fine mesh. The mesh
stability of the FE simulations is verified as the coarse and fine mesh for each bound converge
upon the same solution. As demonstrated, the simulated upper bound correlates very closely
with the actual beam behavior. This is to be expected as the loading configuration induces
high tensile stresses and flexure cracks in the bottom flange which activate significant stresses
in the tendons. The upper bound solution and the experimental result diverge at a load of
P = -800 kN, when the girder showed an abrupt load loss associated with the rupture of the
tendons. This confirms the assumption of a tendon stiffness and strength effect as the stresses
in the tendons are high enough to induce rupture. Since the FE model does not account for
brittle rupture of the prestressing tendons, this abrupt load loss does not appear in the FE
simulation, which achieves a much higher ultimate strength. However, despite its inability to
directly predict the ultimate strength and subsequent collapse, the upper bound provides a very
good load-deflection prediction before structural failure.
7.2.2 Local Results: Strain Gauge Measurements
Figure 7-5 compares the strain measurements given by strain gauges placed on the actual beam
(oriented longitudinally) and strain measurements given by the upper bound finite element
result (which was shown to give a very good load-deflection prediction in Fig. 7-4). As illustrated
in Fig. 7-2, the location of the numbered strain gauges are:
1. Bottom of the girder, 6 m from the end;
2. Bottom of the girder, under one of the load points;
3. Bottom of the girder, midspan;
4. 0.5 m from the bottom of the girder, midspan.
Both the FE and actual strain measurements are plotted to the load at which the actual
strain measurement exhibits discontinuity due to local cracking. As shown, the finite element
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Figure 7-5: Strain Measurements Given by Strain Gauges Placed Longitudinally on FHWA
Flexural Girder and the Upper Bound Fine Mesh FE Simulation. Locations of Strain Gauges
Numbered in Fig. 7-2. Experimental Data Provided by FHWA.
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Figure 7-6: Principal Composite Matrix Plastic Strains Eyj for the Upper Bound Flexure
Simulation at P = -800 kN: (a) Coarse Mesh, (b) Fine Mesh.
simulation is also able to reproduce local strain results thus confirming the relevance of the
upper bound data set (see Table 7.1) for predicting the structural behavior both locally and
globally.
7.2.3 Local Results: Cracking Patterns
Figure 7-6 depicts the principal composite matrix plastic strains eymg at very high loads as
predicted by the FE simulation for the upper bound solution. The figure demonstrates how
HP2C ductility induces cracking (plastic strains) in the outer span (outside of the center span)
unlike normal FRCC which may only show cracking in the center span. Due to favorable
disperse cracking, HP2C yields a ductile structural behavior.
The composite matrix plastic strain results shown in 7-6 can be directly translated into
cracking data. And, as demonstrated in Fig. 7-5, the FE simulation provides a reasonably
precise prediction for local crack evolution in the flexure girder. By focusing on a particular
section cut, the evolution of a single flexure crack is elucidated. Fig. 7-7 displays the cracking
evolution (as longitudinal composite matrix plastic strains EP. ) along the girder height at the
midpoint of the center span (at the u = 0 boundary in Fig. 7-3(b)) as determined by the upper
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Figure 7-7: Evolution of Longitudinal Composite Matrix Plastic Strains -P along the Height
of the FHWA Flexure Girder at the Midpoint as Predicted by the Upper Bound Fine Mesh
Simulation.
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at the Midpoint as Predicted by the Upper Bound Fine Mesh Simulation.
bound fine mesh simulation. At the onset of noticeable nonlinear behavior P = -400 kN (see
Fig. 7-4), the composite matrix plastic strains already extend up to a height of 27 cm, almost
completely through the bottom flange. Using Eqs. (7.1) and (3.78) which yield u = Eg L,
the composite matrix plastic strain at this load level translates into a crack of height h, = 27
cm with a crack mouth opening displacement (CMOD) u = 7.4 x 10-3 mm at the very bottom
of the girder. At a load P = -600 kN, the height of the crack is h,. = 47 cm (roughly halfway
up the web) with a CMOD u = 0.033 mm; and at load P = -800 kN, the height of the crack is
he, = 62 cm (almost to the top of the web) with a CMOD u = 0.11 mm. Furthermore, Fig. 7-7
shows that some plasticity has occurred in the top flange at P = -800 kN due to compressive
crushing.
The effect of the cracks on the longitudinal stresses along the height of the flexure girder at
the midpoint is elucidated with Fig. 7-8, which plots the longitudinal stresses along the height
of the girder as predicted by the upper bound fine mesh solution. The curves in this figure
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Figure 7-9: Loading Configuration and Strain Gauge Locations for the FHWA Shear Test.
exhibit inflections at the crack heights (i.e. her = 27, 47, 62 cm for P = -400, -600, -800 kN,
respectively). These inflections represent the initiation points of the post-cracking stress-strain
behavior.
The curves in Fig. 7-8 also delineate some HP2C stress limits, as numbered on the P = -800
kN result. Point 1 correlates with the first cracking strength of the HP2C in the web, El = 7.6
MPa. The stresses between point 2 and point 3 are associated with the stresses in BF2 which
approach, but do not reach, their composite yield strength E4 F2 BFl+ k = 29.8 MPa.
The stresses in BF1 are delimited by points 3 and 4. At the bottom of the girder, point 4, the
longitudinal stress is equivalent to the BF2 composite yield strength EBF2 fBF2 + ky = 36.5
MPa (see Table 7.1). It appears that attainment of the composite yield strength in BF2 coincides
with tendon failure in the flexure girder at a load P = -800 kN (see Fig. 7-4). In other words,
evidently, one may be able to directly associate the ultimate state of this structure to ultimate
strength of the bottom flange EB and, by association, the tendon stresses UT. This is only
possible, however, if the tendons do not exhibit significant plastic yielding before rupture in
tension.
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Figure 7-10: Mesh and Boundary Conditions for the FHWA Shear Simulation: (a) Coarse
Mesh, (b) Fine Mesh, (c) Deformed Coarse Mesh, (d) Deformed Fine Mesh.
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Figure 7-11: Load-Deflection Results Given by the FHWA Shear Test and the FE Lower Bound
Fine Mesh Simulation. Experimental Data Provided by FHWA.
7.3 Case Study: FHWA Shear Test
The FHWA shear test consisted of a 4.3 m long AASHTO Type II girder tested in three point
bending, as illustrated in Fig. 7-9. The load P was applied off-center, 1.8 m from one of the
supports, in order to induce high shear stresses in the short load span. The coarse mesh (720
elements) and the fine mesh (2878 elements) are displayed in Figures 7-10(a) and 7-10(b) along
with their applied boundary conditions and loads. The deformed shapes for these meshes are
drawn in Figures 7-10(c) and 7-10(d).
7.3.1 Global Results: Load-Deflections Curves
The load-deflection results from the shear experiment and the FE lower bound fine mesh are
plotted in Fig. 7-11. As demonstrated by the initial load-deflection slopes from both sets
of data, the FE result shows a much stiffer behavior, particularly during the (initial) elastic
loading stage. This discrepancy arises from the compliance in the supports which was not
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Figure 7-12: Load-Deflection Results Given by the FWHA Shear Test and the FE Simulation.
Deflection Measured at Load Point. Experimental Data Provided by FHWA.
recorded during testing. Therefore, to align the slopes of the FE and experimental results,
an elastic support compliance of 0.625 mm per MN of applied load P is assumed. A similar
magnitude of support compliance was also determined by Benjamin Graybeal [31]1.
The load-deflection results from the FHWA shear test and the FE simulations (adjusted for
support compliance) are displayed in Fig. 7-12. Again, four different FE results are presented
which verify the FE mesh stability: a coarse and fine mesh for the lower bound ("HP2C Only")
and a coarse and fine mesh for the upper bound (tendon strength and stiffness added to the
bottom flange). The lower bound closely matches with the actual load-deflection behavior. This
suggests the insignificant activation of stresses in the prestressing tendons. This supposition
was substantiated by the large shear cracks which appeared in the web during pre-peak loading,
'This support compliance would have a negligible effect on the FHWA flexure test result which involves loads
a magnitude smaller and deflections a magnitude larger. Indeed, the inital slope of the load-deflection curve for
the flexure test simulation matched quite closely with that of the experimental curve without an adjustment in
support compliance.
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Figure 7-13: Shear Cracking in the Web of the FHWA Shear Test Specimen During Pre-Peak
Loading. Picture Provided by FHWA.
as shown in Fig. 7-13. Thus, it can be interpreted that the nonlinear structural behavior is
mainly governed by shear cracking in the web.
The FE lower bound prediction and the experimental result diverge at a load P = -3400
kN, when the FHWA shear beam exhibited structural failure. Nonetheless, the FE lower bound
solution appears to approach this same maximum load. It is suggested that this structural
failure was a result of bond failure between the tendons and the HP2C in the bottom flange.
In support of this bond failure premise is the severe tendon slip, graphed in Fig. 7-14 for two
of the lowermost tendons in the bottom flange. As demonstrated in the figure, the most rapid
tendon slip propagation occurs just prior to a deflection of 15 mm, when the girder manifests
an abrupt drop in load capacity (see Fig. 7-12). Accordingly, the lower bound result manages
to predict the shear behavior accurately since a tendon effect never fully develops due to tendon
slip. Furthermore, since the beam acted as an "HP2C Only" structure, the lower bound also
seems to ably predict the ultimate load capacity of the beam. The bond failure is most likely
a consequence of short anchorage lengths (only 2 m on the short load span side) which do not
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Figure 7-14: Tendon Slip Measured at the End of the Beam (Short Load Span Side) as a
Function of Load Point Deflection. Experimental Data Provided by FHWA.
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permit proper tendon-HP2C bonding.
7.3.2 Local Results: Strain Gauge Measurements
Strain measurements given by strain gauges on the FHWA beam and the lower bound FE
simulations are plotted in Figure 7-15. The location of the strain gauges, depicted in Figure
7-9, are:
1. Bottom of the girder, under the load point;
2. Bottom of the web, under the load point;
3. Bottom of the girder, 1.5 m from the short load span end;
4. Bottom of the web, 1.5 m from the short load span end.
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The predicted local strain measurements exhibit very good correlation with the actual local
strain readings, thus confirming the relevance of the lower bound solution for simulation of both
the local and global response of the FHWA shear girder.
7.3.3 Local Results: Cracking Patterns
The principal composite matrix plastic strains emI for the FHWA shear beam as predicted
by the lower bound FE simulations are illustrated in Fig. 7-16. As discussed, these plastic
strains are directly related to cracking. As shown in the figure, there is substantial flexural
cracking in the bottom flange under the load point, which was detected in the FHWA shear
beam. Focusing on the short load span, significant shear cracking is also evident. Fig. 7-17
represents the shear cracking as vectors which capture the magnitude and orientation of the
composite matrix plastic strains (or shear crack opening displacement). As demonstrated in
the figure, first shear cracking is predicted at the web-flange interface. This was also physically
observed, as depicted in Fig. 7-13, which shows a small crack initiating at the web-flange
interface alongside a large shear crack. Furthermore, the fully developed plastic strain vectors
suggest the orientation of crack propagation, which is perpendicular to the orientation of the
crack openings (crack propagation denoted in Fig. 7-17 with dashed line). The shear cracking
angle a, ~~ 350 predicted by the FE simulation also corresponds well with to that of the large
shear crack pictured in Fig. 7-13.
7.4 Discussion of Large Scale Simulation Results
For the case studies presented in this section, the FE implementation shows a remarkable
capacity to accurately model the structural behavior of HP2C elements. This was validated
with respect to three different aspects: load-deflection behavior, local strain measurements,
and cracking patterns. In particular, the FE implementation is able to predict the strain
behavior and cracking patterns quite adeptly. This is possible due to the continuous post-
cracking behavior of HP2C at the material level (i.e. small, evenly spaced, highly distributed
cracks). The FE local strain predictions would not be as successful for a material which exhibits
softening behavior or local failure (i.e. large, dominating cracks), such as a less ductile FRCC.
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In addition, the material parameters determined from the HP2Cb notched plate test are
shown to be relevant to the large scale simulations. That is, the harsh loading conditions
imposed by the notched configuration appear to effectively ascertain the material performance
of HP2C in large scale applications.
Finally, using an upper bound parameter set offers a simple, yet effective way to model the
tendon effect in the FHWA flexure test. Conversely, utilizing a lower bound material set to
simulate the FHWA shear test proves to be appropriate as tendon slip in the girder compromises
the tendon effect. For both FHWA specimens, structural failure was tendon related: tendon
rupture in the flexure test and tendon-bond failure in the shear test. Despite only modeling
a lumped tendon-HP2C behavior in the bottom flange, the FE simulations seemingly offer
estimates for the ultimate loads for both of these tests as discussed in Section 7.2.3 for the
flexure girder and as shown in Fig. 7-12 for the shear girder. Nonetheless, the tendons can be
incorporated more explicitly in finite element models. For example, [23,70,84] outline methods
for encompassing bond failure into concrete structure simulations.
7.5 Size Effect in HP2C Structures
The last part of this chapter is devoted to the study of size effects which influence the HP2C
model parameters. Size effects detected in cementitious structures can be traced back to fracture
mechanics sources. In particular, for a given cementitious material, a fracture process zone of
constant length (a material parameter) forms in front of any crack. The fracture process
zone has a much more significant crack blunting effect on smaller sized structures than larger
structures [7]. For this reason, the first cracking strengths of HP2C materials EI is expected
to exhibit higher values in smaller structures than larger structures.
Using micromechanical theory, the size effect in the HP2C model parameters related to first
cracking, ft and ky, was revealed in Section 4.2.4 (Eqs. (4.52) and (4.53)). However, their
relative proportion, i.e. the ductility ratio ky/ft , was shown to be size independent (Eq. 4.54).
In this section, this finding is validated at a structural level. Two small scale case studies are
examined: an unnotched beam and two self-similar notched beams. For both loading cases,
size effects on the first cracking strength E = ky + ft and the post-cracking strength E+~ky
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Figure 7-18: Configuration of the Small Scale Four Point Beam Tests Performed by Lafarge.
are elucidated through model-based simulations. However, the size independence of HP2C
ductility is also displayed for both cases. More precisely, the yield strength of HP2C, -2, is
effectively shown to be size independent, a characteristic property of HP2C that allows for
secure application of the material in structures.
7.5.1 An Instructive Example: A Small Scale Unnotched Beam
A schematic of the small scale four point bending test (SS4P) performed by Lafarge is drawn
in Figure 7-18. The prismatic beam, loaded in four point bending with three equal spans, had
a total test span of L = 210 mm, a height of h = 70 mm, and a width of b = 70 mm.
The load-deflection behavior for the small scale HP2Cb beam is graphed in Fig. 7-19.
Also shown in Fig. 7-19 is the FE simulation of SS4P using the material parameters given
in Table 7.1 ("HP2C Only" values). Recall that these values were determined from a tensile
notched plate test (see Section 4.3). The mesh (1568 quadrilateral 2-D plane stress solid ele-
ments) and boundary conditions for this FE simulation are depicted in Fig. 7-20(a) 2 . With
the HP2Cb values, which appropriately characterize the large scale behavior, the FE solution
significantly underestimates the actual behavior of the beam. The divergence between the two
2The FE mesh also accounts for the exterior span (of length L/6), i.e. the beam length outside of the test
span (see Fig. 7-20(a)). As observed by Dr. Gilles Chanvillard of Lafarge, the exterior span (in reality and in
the FE simulation) imposes a significant rotational restraint at the support [15]. Thus, if one were to neglect the
exterior span in the FE simulation, deflections would be overestimated.
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Figure 7-19: Load-Deflection Behavior for SS4P Determined Experimentally and with FE Sim-
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Experimental Data Provided by Lafarge.
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Figure 7-21: The Load-Deflection Results for SS4P Using Different Values of First Cracking
Strength, El = ky + ft, with a Constant Composite Yield Strength, E 2 = ky + fy = 11.5.
Experimental Data Provided by Lafarge.
load-deflection curves begins at the onset of plasticity in the FE simulation, which is indica-
tive of the underestimation of the first cracking strength. Thus, in this example, a size effect
becomes apparent.
An inverse analysis is applied to determine the tensile model parameters (ky, ft, and fy) for
this structure. More specifically, the load-deflection output was obtained from finite element
analysis with different sets of tensile strength parameters until a "best fit" set of values was
achieved for the tensile model parameters. All the other input parameters (Table 7.1) and the
ductility ratio ky/ft = 10 (i.e. Eq. (4.48)) were presumed to stay constant (as required by a
size independent ductility ratio as described in Section 4.2.4). This trial and error approach is
represented in Fig. 7-21 for the determination of the first cracking strength, El = ky + ft, with
a constant value for composite yield strength, E2 = ky + fv = 11.5 MPa.
Fig. 7-22 shows the FE load-deflection prediction for SS4P using El = ky + ft = 10.5 MPa,
E+ :: k = 9.6 MPa, and E2 = ky+ fy = 12.5 MPa (for details, refer to Table 7.2), which
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Figure 7-22: The "Best Fit" Load-Deflection Prediction for SS4P Given by FE Simulation with
ky + ft = 10.5 and k. + fv = 12.5. Experimental Data Provided by Lafarge.
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HP2C Only Best Fit
Macroscopic Behavior (HP2Cb) SS4P N70 N100
E [MPa 7.6 10.5 10.0 9.5
E+ [MPa] 6.9 9.6 9.1 8.7
E2 [MPa 11.5 12.5 11.5 11.5
Model Parameter
J ___________________________ ______________________
___ t 
___
ft [MPa] 0.7 0.95 0.91 0.86
k. [MPa] 6.9 9.55 9.1 8.64
fV [MPa] 4.6 2.95 2.4 2.86
Ductility Parameter I I
RIK t13% 39 3% 3%
RD [ 1] 10 10 10 10
Ris [1] 1.51 1.19 1.15 1.21
Table 7.2: "Best Fit" Macroscopic Behavior Listed with Related Model Parameters and Duc-
tility Parameters for the Small Scale Tests as Determined by Inverse Analysis.
shows very good correlation with the experimental result. The HP2Cb notched test stress-strain
behavior and the SS4P best fit stress-strain behavior for the unnotched beam are plotted in Fig.
7-23. The deformation and composite matrix plastic strains at a load of 50 kN are illustrated
in Figure 7-20(a) and Figure 7-20(b), respectively. As expected, the first cracking strength El
and the post-cracking strength E+ for the small scale test are significantly higher (38% higher
than the original values, E- = 7.6 MPa and E+ = 6.9 MPa) than those of the large scale test
due to size effects.
By contrast, the change to the composite yield strength E2 is insignificant (less than 9%).
Furthermore, using the same ductility ratio ky/ft, a very consistent load-deflection prediction is
achieved. These result appears to confirm Eqs. (4.52) and (4.53) which state that ky and ft are
size dependent parameters, but their ratio ky/ft is size independent. Despite size dependent first
cracking and post-cracking strengths, the ductility (both the ductility ratio and the composite
yield strength) is shown to be size independent.
7.5.2 Size Effect Study on Self-Similar Small Scale Notched Beams
Precise evaluation of size effects entails the investigation of the strength behavior of geomet-
rically self-similar structures (e.g. [7]). For this purpose, two self-similar notched three-point
bending tests performed by Lafarge, illustrated in Fig. 7-24, are considered. The smaller beam
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Figure 7-23: Stress-Strain Behavior for the HP2Cb Tensile Notched Plate Test and the "Best
Fit" for SS4P: (a) Focus on First Cracking Behavior, (b) Entire Stress-Strain Curve.
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Figure 7-24: Configuration of the Small Scale Three Point Notched Beam Tests Performed by
Lafarge.
(N70) had a total test span of L = 210 mm, a height of h = 70 mm, a width of b = 70 mm, and
an initial crack height a = 7 mm. The larger beam (N100) had a total test span of L = 300
mm, a height of h = 100 mm, a width of b = 100 mm, and an initial crack height a = 10 mm.
For both tests, the initial crack width was estimated to be 2 mm. While the self-similarity ratio
for both structures is small, hNloo/hN70 = 1.43, the tests still exemplify potential size effects
on HP2C.
Fig. 7-25 shows the total load P as a function of crack opening displacement for both
beams. The crack opening displacement, which is initialized at zero, is measured at the bottom
of the beam at a gauge length of 40 mm with a special yoke designed for this purpose [15].
Figure 7-25 also presents the FE simulations for both beams using the original HP2Cb material
parameters ("HP2C Only" values in Table 7.1). The meshes and boundary conditions for
the FE simulation are depicted in Fig. 7-26(a) (532 quadrilateral and triangular 2-D plane
stress solid elements) and Fig. 7-27(a) (1037 quadrilateral and triangular 2-D plane stress solid
elements). The simulated crack opening displacement is calculated as twice the longitudinal
displacement measured at the bottom of the beams at a distance 20 mm from the u = 0
boundary. As expected, the HP2Cb material parameters underestimate the actual material
response in this small scale notched configuration. This underestimation manifests itself at
lower loads, particularly near the onset of plasticity. This can be associated with an insufficient
first cracking strength value in the simulation.
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Figure 7-25: Total Load P as a Function of Crack Opening Displacement as Given by the Ex-
perimental Data and FE Simulation. Crack Opening Displacement Measured from the Bottom
of the Beam at a Test Gauge Length of 40 mm. Experimental Data Provided by Lafarge.
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Figure 7-26: "Best Fit" N70 Notched Bending Simulation: (a) Mesh and Boundary Conditions,
(b) Deformed Shape at P = 27 kN, (c) Principal Composite Matrix Plastic Strains ep'7 at
P = 27 kN.
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Figure 7-27: "Best Fit" N100 Notched Bending Simulation: (a) Mesh and Boundary Conditions,
(b) Deformed Shape at P = 55 kN, (c) Principal Composite Matrix Plastic Strains JI at
P = 55 kN.
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Figure 7-28: The "Best Fit" Load-Deflection Prediction for the Notched Beams Given by FE
Simulation. Experimental Data Provided by Lafarge.
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Trial and error style inverse analyses were employed to determine the tensile model param-
eters (ky, ft, and fy) for each notched beam test. As in the SS4P simulation, all the other
model parameters (Table 7.1) and the ductility ratio ky/ft were not changed. The "best fit"
results from the inverse analyses for both notched beams are plotted in Fig. 7-28. For N100,
Ei ky + ft = 9.5 MPa, Ej ~~ ky = 9.1 MPa, and E2 = ky+ fy = 11.5 MPa; for N70,
E= ky + ft = 10 MPa, E4 ~ ky = 8.6 MPa, and E2 = ky+ fy = 11.5 MPa (see Table 7.2 for
details). The stress strain curves for these "best fit" parameters are graphed in Fig. 7-29. The
deformed shapes for these simulations are drawn in Figs. 7-26(b) and 7-27(b); the composite
matrix plastic strains are pictured in Figs. 7-26(c) and 7-27(c).
As expected, both beams display higher first cracking strengths Ei and post-cracking
strengths E' than originally determined for the HP2Cb notched plate test. In addition, the
larger notched beam, N100, exhibits lower first cracking and post-cracking strengths than the
smaller notched beam, N70. Furthermore, the composite yield strengths for both notched tests
are identical to the original composite yield strength. For these small scale notched tests, the
first cracking strength and the post-cracking strength are size dependent (confirming Eqs. (4.52)
and (4.53)), while the ductility (ductility ratio and composite yield strength) is size independent
(confirming (4.54)).
Finally, it is important to note how capably the FE implementation simulates notched beam
behavior. Accuracy in modeling the N70 and N100 tests is exhibited with the original HP2Cb
data set (see Fig. 7-25) and improved by employing a size effect correction (see Fig. 7-28). As
described in Section 6.5.1, a discontinuity, such as a notch, can induce high stress intensities
in structures (see Fig. 6-11). For the notched cylinder presented in Section 6.5.1, these stress
intensities induce stress gradients which are on the order of the micromechanical components
(e.g. the fibers). This, as previously discussed, is an improper application of the material model.
For the notched beam tests presented in this section, the structural discontinuities (notches) also
induce fine stress gradients. However, for these notched beams which are volumetrically larger
than the notched cylinder of Section 6.5.1, the effect of this improper material model application
becomes negligible at a structural level. In other words, any numerical inconsistencies generated
by the stress fine stress gradients are averaged out. In this way, the FE program seems capable
of simulating notches in appropriately sized structures.
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Figure 7-29: Stress-Strain Behavior for the HP2Cb Tensile Notched Plate Test and the Best
Fit for the N100 and N70 Beam Tests: (a) Focus on First Cracking Behavior, (b) Entire Stress-
Strain Curve.
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7.5.3 Interpretation of Results with Bazant's Size Effect Law
Bazant proposes a size effect equation which can be used to estimate the first cracking strength
El'est and post-cracking strength E"' at different structural scales [71:
BE-y,ref B+ +,ref
E'- 1D - e'st - (7.10)
[ + D/D V1 + D/D+
where ET-'f and E,ref are reference first cracking and post-cracking strengths. D = L, (as
defined in Section 4.2.4) is the characteristic size of the structure in question. B (dimensionless)
and Do (dimension [Do] = L) are constants (for both the first cracking and post-cracking
estimates -/+) which depend on the fracture properties of the material and on the geometry
of the structure, but are size independent. That is, B and Do are constants for self-similar
structures. Bazant's size effect equation bridges the asymptotic solutions of strength theories,
which govern the cracking strength of small structures D/Do < 1, and fracture theories, which
govern large structures D/Do > 1. For very large scale structures, D/Do > 1, Bazant's size
effect equation asymptotically approaches the [Ls]- 1/ 2 size dependency of the cracking strength
parameters ft and ky (Eqs. (4.52) and (4.53)).
With the data supplied by the N70 and N100 tests, one may calculate the size effect param-
eters B and Do from Eq. (7.10). For the HP2Cb material and this notched beam geometry for
N70 and N100 where D = h is the height of the beam, the size effect constants are:
El ref = 7.6 MPa; B- = 1.52; Do = 207.8 mm (7.11)
Ef 6.9 MPa; B+ = 1.49; D+ = 249.0 mm (7.12)
The normalized size affected cracking stresses (E est/B-E'ref and Eest /B+3 Eref ) are plot-
ted in Fig. 7-30 as a function of the normalized heights of the notched beam (D/D- and D/D+)
as determined from (7.10) which is calibrated with the N70 and N100 tests.
Data points obtained from the FHWA tests ((E-'est = 7.6 MPa, h/D- = 4.4) and (E+'t
6.9 MPa, h/D+ - 3.7)) are also graphed in Fig. 7-30. As demonstrated, the FHWA test data
point lie above the size effect predictions. The size effect predictions for the FHWA tests given
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by Bazant's law are E-'est (D = 910 mm) = 5.0 MPa and E+,est (D = 910 mm) = 4.8 MPa.
This discrepancy may stem from two possible sources:
" The size effect parameters only apply to HP2Cb in this particular notched geometry.
Accordingly, underestimation of the effective strength El,'t given by Bazant's equation
is likely due to the notch effect which imposes stress intensities which induce cracking at
lower loads.
" Additionally, this discrepancy may be due to the insufficiency of two data points (from
N70 and N100) to provide precise values for B and Do. For example, if the values of first
cracking for the N100 and N70 tests were E'l = 9.6 MPa (1% change) and El' = 9.8
MPa (2% change), respectively, the newly calibrated size effect law would provide a value
of El ,'t (D = 910 mm) = 6.6 MPa, a 32% change. Clearly, more size effect data is
required at different structural scales to provide reliable cracking strength estimations.
7.5.4 Domain of Application for Model Parameters
The HP2C model is a strength based model, not a fracture model. For proper application of
the HP2C model (and finite implementation) to the entire range of possible structural sizes,
a size effect correction is required. For large scale structures (e.g. beams on the order of 1
m in thickness), the direct tension result from a notched plate test seemingly provides a good
estimation of tensile behavior at the structural level. However, for smaller structures (e.g. thin
plates), a size effect correction for the first cracking strength El and the post-cracking strength
E' will most likely be necessary. The size effect correction is dependent on the geometry and
the fracture properties of the material in question. Therefore, self-similar structural tests are
required to provide accurate size effect predictions. The FE program, through inverse analysis,
is capable of providing approximate values for the size effect correction parameters with results
from two self-similar structural tests.
7.6 Guidelines for Using the FE Implementation
Three types FE modeling examples have been outlined in this thesis: very small scale notched
cylinder (Section 6.5.1), large scale prestressed girders (Sections 7.2 and 7.3), and small scale
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beams (Sections 7.5.1 and 7.5.2). For the most part, the FE simulation is capable of providing
a highly accurate prediction of the behavior of these structures:
* Very small scale notched cylinder. The notch generates stress gradients which are on
the order of the micromechanical components. However, the HP2C model is designed to
model macroscopic behavior. In this way, these types of configurations are inappropriate
for FE modeling.
" Large scale prestressed structures. The model parameters for this simulation can be
determined with a single notched tension test (which manages to capture the large scale
material behavior in an average sense) and a single compression test. Special conditions
are required to model the prestressing. Prestressing forces can be modeled as externally
applied loads. To account for the effect of the tendons on strength and stiffness, a rule
of mixtures can be applied to modify pertinent material parameters (Eqs. (7.4) and
(7.9)). However, this only applies when the tendon-HP2C composites are loaded primarily
parallel to the orientation of the tendons and when there is a good tendon-HP2C bond.
Otherwise, neglecting the tendon effect should provide a safe lower bound prediction for
structural behavior.
" Small scale beams. Due to a size effect in HP2C, small scale and medium scale tests require
an adjustment in first cracking and post-cracking strength. While a size effect curve (Fig.
7-30) calibrated by the small scale notched tests gives a first order approximation of
the size effect, more experiments are needed to obtain accurate size effect curves for
different loading configurations for the entire spectrum of possible HP2C structure sizes.
As outlined in Section 7.5, inverse analyses of structural data using FE simulations should
aid the determination process.
For other types of structures, such as HP2C slabs, one may need to apply new case-specific
conditions and assumptions. However, as exemplified with the FE tests outlined thus far,
careful consideration, FE modeling experience (as provided here), and engineering intuition
should deliver the guidelines for appropriate corrections.
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7.7 Chapter Summary
The finite element implementation of the HP2C model exhibited a clear capacity to simulate
the behavior of large scale HP2C structures, as exemplified by the two large scale case studies
presented in this chapter. Not only is the finite element simulation able to reproduce global
effects, such as the load-deflection behavior of girders, but also local effects, such as strains
at various locations on the girder. In addition, by using a two-phase model, the cracking
patterns can be predicted. Furthermore, the tensile results from a single notched tension test
are capable of providing all the necessary tensile material parameters to execute an accurate
large scale simulation.
The significance of size effect in HP2C structures was also examined in this chapter. As
discussed, the first cracking and post-cracking tensile strengths of HP2C are amplified in small
scale tests. More importantly, the ductility of HP2C, as shown with two case studies, is not
influenced by a size effect. This confirms the theoretical work on ductility in Section 4.2.4. Due
to the size independence of HP2C ductility, the composite yield strength can be safely taken
into account for the design of HP2C structures.
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Chapter 8
Structural Effect of Ductility
Enhancement
In this chapter, the structural effect of HP2C ductility is assessed. This is accomplished with
a sensitivity analysis of HP2C ductility parameters - invariants which quantify the ductility at
the HP2C material level. By utilizing this sensitivity analysis, one may compare the ductility
offered by HP2C to that of other materials at a structural level. For instance, by reducing the
ductility through the material parameters, one may predict the structural behavior of a less
ductile FRCC. In this way, one can recognize the structural advantages offered by HP2C over
conventional FRCC materials. Conversely, by improving the ductility, the possible structural
gains through (future) material improvements can be envisioned.
The FHWA flexure test and the FHWA shear test which are composed of HP2Cb (see
Section 7.1) are reexamined with this ductility parameter sensitivity analysis. Accordingly, the
ductility parameters of the HP2Cb material are modified through the HP2C model parameters
to examine the effect of material ductility on the service limits of the FHWA girders. The
service limit is defined as the applied load at which a maximum crack opening is achieved
in the structure. Here, the upper bound of the FHWA flexure test (see Figure 7-4) and the
lower bound of the FHWA shear test (see Figure 7-12) are considered to be representative of
the actual experimental load-deflection behaviors as these FE simulations showed very good
agreement with the experimental results of the two FHWA large scale tests.
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8.1 Quantifying Structural Performance
Two standard metrics for evaluating structural performance are the service limit and the ulti-
mate limit. The service limit is the load P, at which an acceptable service state is breached
in the structure. In the case of HP2C, this service state is often characterized by a maximum
crack opening u. The ultimate limit is the highest load P which a structure can bear. This
study is restricted to the evaluation of structural performance in terms of the service limit for
the following reasons:
" The focus of this chapter is HP2C ductility at the structural level, similar to the previously
presented investigations of HP2C ductility at other scales: the micromechanical level
(Chapter 2), the micro-to-macro level (Chapter 3), and the material level (Chapters 4
and 5). Accordingly, the focus of this chapter is on the structural ductility of HP2C, i.e.
its cracking behavior in a structural context.
* The service limit lends itself to quantifying the structural performance of HP2C in terms
of its model input parameters. By contrast, when examining the ultimate limit, one must
consider all the modes of structural failure such as tendon rupture and tendon-HP2C bond
failure. In this way, it is difficult to directly relate the ultimate limit state to the ductility
enhancement of HP2C as the ultimate limit state is affected by these other modes of
failure.
" As demonstrated in Figs. 7-6 and 7-17, the FE implementation reasonably predicts the
location and orientation of cracks in the structures. Also, as displayed in Figures 7-5 and
7-15, the FE program also provides an accurate numerical prediction of the total strain
(plastic and elastic strain) for the case studies. Hence, the FE implementation offers a
reliable prediction of principal composite matrix plastic strain E, and, as a consequence,
crack width u (see Eq. (7.1)).
" Finally, although the FE simulations may yield estimations of the ultimate loads (refer
to discussion in Section 7.4), engineering designs are based on service limits, i.e. safe
thresholds for real world applications. Therefore, focusing on service states renders the
results relevant to industrial practice.
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8.1.1 Cracking Criteria
Cracks can be categorized as unreinforced cracks or reinforced cracks. In the case of the FHWA
tests, one may consider the shear cracks in the web to be unreinforced. The flexure cracks
in the bottom of the flange, on the other hand, are reinforced with the prestressing tendons.
Guidelines provided by AFGC suggest a limit for cracking in HP2C structures in the absence
of reinforcement, provided here as a maximum composite matrix plastic strain unax [3]1:
e' ~~~~a [3] =%ax81
p p,un __Wmax
M,& M,max - (.ic
where l is a characteristic length, generally l = 2h where h is the height of the girder. w is
the total cumulative crack opening measured over a length lc; for common HP2C applications
the maximum value of w for unreinforced cracks suggested by AFGC is Wmax = 0.3 mm.
AFGC is less precise about guidelines for reinforced HP2C cracks. However, it is proposed
that due to the supplemental safety supplied by the prestressing tendons, HP2C cracks may be
allowed to grow to either a cumulative crack opening (measured over a distance l) at which
detrimental strain softening begins woft [31:
Wsoft h (8.2)100
or a cumulative crack opening (measured over a distance l) at which the reinforcing fibers (of
length Lf) can no longer carry crack bridging stresses winm:
Wlim Lf (8.3)4
For the FHWA structures, where Lf = 13 mm and h = 910 mm, wlim (< wsoft) provides a safer
bound for cumulative crack widths for reinforced HP2C cracks2 . This cumulative crack limit
'These guidelines were developed by the AFGC/SETRA working group on Ultra-High Performance Fibre-
Reinforced Concrete at the request of the AFGC Scientific and Technical Committee.
2 In actuality, AFG C's intention is for woft and wlim to describe the strain softening evolution of HP2C where
wsoft < wim, i.e. strain softening preceding crack bridging failure. However, this sequence only prevails when
Lf > 4h/100 (Eqs. (8.2) and (8.3)), which is not the case for the FHWA tests. In the absence of explicit criteria
for this particular fiber length/beam height ratio Lf/h, woft and wlim are both considered as limiting criteria
for reinforced cracks, with the more stringent criterion governing.
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wlim for reinforced HP2C cracks, rewritten in terms of composite matrix plastic strains Epre
enforces the following condition:
EP < Ep,re Lf (8.4)M,I 
- M,max 4xc
For the FHWA flexure and shear tests, vuf = 5 x 10-4 and pre 5 x 10-. Substituting
M,max M,max =- ustttn
Eqs. (7.1) and (3.78) into (8.1) and (8.4) implies that the maximum individual unreinforced
crack opening is u"n = 7 x 10-3 mm and the maximum individual reinforced crack opening is
Ure = 0.07 mm.
For the ductility parameter sensitivity analysis which follows, the service load P is the
applied load P on the FHWA structures at which either the maximum unreinforced composite
matrix strain is first achieved P, = P (Eii = 2ax in the web through shear cracking or
the maximum reinforced composite matrix strain is first achieved P, = P (e6 = pmax) in
the bottom flange through flexural cracking.
8.2 Ductility Parameters
Ductility parameters are dimensionless combinations of the 3-D HP2C model parameters which
characterize the post-cracking HP2C material behavior in relation to the initial (uncracked)
HP2C material behavior. By altering the model parameters (see Table 7.1), the ductility
parameters related to HP2Cb are modified to examine their effect on structural performance.
Three ductility parameters are investigated in this chapter:
e Stiffness ratio, the ratio of post-cracking stiffness to initial stiffness (see Fig. 3-4):
RK = -, (8.5)Ko
The stiffness ratio was related to micromechanical parameters in Chapter 3 for both a
homogenization scheme (Eq. (3.41)) and fracture mechanics models (Eqs. (3.80) and
(3.88)). In addition, this ratio was also examined at a macroscopic level (Section 4.3.1).
The investigation of this material invariant is closed with an examination at the structural
level. The stiffness ratio for HP2Cb is RK = 3%. Two variations for the stiffness ratio
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Figure 8-1: HP2Cb Stress-Strain Behavior with Modified Stiffness Ratios RK-
are also studied in this chapter: RK = 0.3% and RK = 30%. Since the effect of ductility
is being evaluated, the virgin behavior of the material, i.e. the initial stiffness KO, is kept
constant. The material behavior for HP2Cb with the modified stiffness ratios is plotted
in Figure 8-1.
Ductility ratio, the ratio of residual strength to brittle strength during cracking in the
composite matrix (4.48):
R D - -- (8.6)
ft
The micromechanical roots of the ductility ratio are detailed in Section 4.2.4 (see Eq.
(4.54)). Furthermore, an investigation of ductility ratio at the material level is provided
in Section 4.3.2. In this chapter, the effect of this ductility parameter at a structural level
is revealed. For HP2Cb, RD = 10. Other ductility ratios investigated in this chapter are
RD = 1 and RD = 100. Here, the first cracking strength El is kept constant. Thus, while
achieving a ductility ratio RD, kj and ft must also adhere to (4.24), that is ky + ft = i
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Figure 8-2: HP2Cb Stress-Strain Behavior with Modified Ductility Ratios RD.
The HP2C stress-strain curves with modified ductility ratios are presented in Fig. 8-2.
9 Strength ratio, the ratio of composite yield strength to the first cracking strength (see
Fig. 3-4):
Rs - -- (8.7)
1
The strength ratio can be associated with micromechanical processes outlined in Chapter
3 (see, for instance, Eqs. (3.57) and (3.84)). In this chapter, the strength ratio is studied
at the structural level. The strength ratio for HP2Cb is RS = 1.5. The two variations
of the strength ratio studied in this chapter are Rs = 1.1 and RS = 3.5. The HP2Cb
behavior with altered strength ratios is portrayed in Fig. 8-3.
Generally speaking, one may relate micromechanical parameters to material behavior and,
using the ductility parameter study presented in this chapter, structural performance. Con-
versely, structural behavior can be associated with ductility at the material level and, as a
consequence, the micromechanical level. With this comprehensive approach to FRCC and
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Figure 8-3: HP2Cb Stress-Strain Behavior with Modified Strength Ratios Ris.
HP2C ductility, guidelines for the practical application of ductility at the structural level or the
need-based design of these materials at the micromechanical level are thoroughly developed.
8.3 Sensitivity Analysis of Ductility Parameters
The upper bound FHWA flexure test and the lower bound FHWA shear test were simulated
with the altered ductility parameters. The assumptions and procedures for the new simulations
are identical to those described in Section 7.1 except for changes to the material parameters
(M, ft, ky, and fy) to achieve desired ductility parameter values. The compressive strength of
the composite fiber was also adjusted in some cases to enforce the aDP > 0 condition (refer
to Section 7.1.4). The original material parameters are listed in Table 7.1 with the altered
material parameters highlighted in bold font in Table 8.1.
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Figure 8-4: Effect of Stiffness Ratio on Normalized Load-Deflection Behavior: (a) Upper Bound
of the FHWA Flexure Beam. Deflection Measured at Beam Midpoint, Deflection Normalized by
JU = 50 cm, Load Normalized by Pu = -800 kN; (b) Lower Bound of the FHWA Shear Beam.
Deflection Measured at Load Point, Deflection Normalized by Ju = 14 mm, Load Normalized
by P, = -3400 kN.
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Stiffness Ratio = 0.3%
- Stiffness Ratio = 3% (HP2Cb)
---- Stiffness Ratio = 30%
Stiffness Ratio = 0.3%
Stiffness Ratio = 3% (HP2Cb)
- - -Stiffness Ratio = 30%
-
-
-
-
Modified HP2C Only Model Parameters (with Tendons BF1/BF2)
Ductility Parameter M [GPa] ft [MPa ky [MPa] fy [MPa] UFc [MPa
RK = .3% 0.16 0.7 6.9 4.6 (29.4/22.8) 10 (30/30)
RK = 30% 23.1 1.0 6.6 4.9 (29.7/23.1) 10 (30/30)
RD = 1 1.65 3.8 3.8 7.7 (32.4/25.9) 10 (33/30)
RD 10 1.65 0.1 7.5 4.0 (28.5/22.6) 10 (30/30)
RS = 1.1 1.65 0.7 6.9 1.5 (26.4/19.7) 10 (30/30)
Rs = 3.5 1.65 0.7 6.9 19.7 (44.0/37.5) 25 (50/40)
Table 8.1: Modified Values of HP2C Model Parameters Used in the FHWA Flexure and Shear
Finite Element Simulations for Ductility Parameter Study.
8.3.1 Effect of Stiffness Ratio
The normalized load-deflection curves for the FHWA flexure and shear simulations with mod-
ified stiffness ratios are plotted in Fig. 8-4. The total loads P were normalized with the
ultimate loads P as obtained in the FHWA experiments: for the flexure test P" = -800 kN
when tendon failure occurred, for the shear test P, = -3400 kN when tendon-HP2C bond
failure evidently occurred. The deflections were normalized by the deflections at the ultimate
loads J, = J(P = Pu): for the flexure test J., = 50 cm, for the shear test J" = 14 mm. As
shown in Fig. 8-4, the stiffness ratios have some effect on the load-deflection behavior. In
particular, an increase in stiffness ratio produces some improvement in the structural behavior
of the FHWA flexure beam (Fig. 8-4(a)); a decrease in stiffness ratio has a softening effect on
the structural behavior of the FHWA shear beam (Fig. 8-4(b)).
By determining the load capacities of these structures at the service limit (maximum allow-
able crack width), these ductility parameter results become applicable on an engineering level.
In Figs. 8-5 and 8-6 the normalized load is plotted against the normalized maximum principal
composite matrix plastic strain EPy for different stiffness ratios RK. Flexural cracks in the
flange are normalized with ep, = 5 x 10-, shear cracks in the web are normalized with
p ,n = 5 x i0 4 . In the case of the FHWA shear girder, significant cracking occurs in the
reinforced bottom flange and unreinforced web (see Fig. 7-16). Thus, Fig. 8-6(a) plots the load
results in terms of flexural cracking in the (reinforced) bottom flange and Fig. 8-6(b) shows
the load results in terms of shear cracking in the (unreinforced) web. Table 8.2 summarizes the
normalized service loads PS/P, (as an example, highlighted with arrows in Fig. 8-5) which are
achieved when the normalized composite matrix plastic strain e,/eP max = 1 (demarcated
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Figure 8-5: Effect of Stiffness Ratio on Normalized Load-Maximum Crack Width Behavior of
Upper Bound of the FHWA Flexure Beam. Cracking emj Measured in Bottom Flange, Strain
Normalized by --5 x 10-3, Load Normalized by P, = -800 kN.
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Stiffness Ratio = 0.3%
Stiffness Ratio = 3% (HP2Cb)
- Stiffness Ratio= 30%
1.4 1.6 1.8
-
Normalized Load PS/P
Stiffness Ratio FHWA Shear FHWA Flexure
RK = 0.3% 0.8 (Web) 0.86
RK = 3% (HP2Cb) 0.87 (Web) 0.9
RK = 30% 1 (Flange) 1.02
Table 8.2: Normalized Loads at Service Limit for Different Stiffness Ratios.
with a vertical line in Figs. 8-5 and 8-6) for each structure. In the case of the shear girder, the
lower service load limit as determined for bottom flange cracking and web cracking is listed in
Table 8.2. Table 8.2 also clarifies the limiting crack type for the FHWA shear test in parenthesis.
The service load limit P, predicted for the standard case, RK = 3% (HP2Cb), is lower
than the ultimate load for both the FHWA flexure and shear girders, P/P" < 1. In other
words, although the FE simulations did not predict the ultimate loads, which were dictated
by tendon or bond failure, the service limits suggested by AFGC are well below the ultimate
load. Therefore, it appears that the FE simulations are able to provide safe service load limits
despite neglecting complex tendon behavior.
These crack width limits may also propose safe structural service limits for any FRCC which
is prestressed. In the case of the tendon rupture (as in the FHWA flexure test), crack width
limits will also limit strains in the tendons. In the case of tendon slip, the crack width limits
may prevent unsafe strain differentials between the tendon and the HP2C which induce tendon
slip. In this way, it is inferred that the service limits ensure overall structural soundness, i.e.
P, (RK) < Pu (RK). For example, in the case of the RK = 30% for the flexure test, Ps/Pa > 1
as listed in Table 8.2. This, however, does signify that the ultimate load P for this stiffness
ratio was achieved. Instead, since the service limit hii/h,max = 1 also implies a safe limit on
strains in the tendon, it is suggested that the ultimate load for this stiffness ratio is higher that
the ultimate load of the actual FHWA flexure test PU (RK = 30%) > PU (RK= 3%). Similarly,
for the FHWA flexure girder with the lower stiffness ratio RK = 3%, the normalized service load
PS/P = 0.86. This does not indicate that the structure has a reserve strength of (1 - 0.86) PU.
Instead, due to a faster development of flexure cracking eP,, and, as a consequence, tendon
strains, the tendons will most likely undergo rupture at a lower load, i.e. P (RK = 0.3%) <
Pu (RK = 3%). So PS/PU in Table 8.2 does not signify the reserve load capacity (or lack of
load reserve capacity) in the FHWA tests with the varied ductility parameters. Instead PS/PU
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Figure 8-6: Effect of Stiffness Ratio on Normalized Load-Maximum Crack Width Behavior
of Lower Bound of the FHWA Shear Beam: (a) Flexure Cracking ?, Measured in Bottom
Flange, Strain Normalized by -= 5 x 10-3, Load Normalized by P, = -3400 kN; (b) Shear
Cracking E Measured in Web, Strain Normalized by etu" = 5 x 10 4 , Load Normalized
by P,, = -3400 kN.
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should merely be considered a measure with which to compare the service loads of the structures
across variations in ductility parameters.
Table 8.2 reveals how changes in stiffness ratio affect the FHWA shear test more noticeably
than the FHWA flexure test. This may be due to a "tendon effect", i.e. the effect of the
prestressing tendon in the flexure test (the upper bound assumption) which masks flexural
cracking effects in the flexure girder. Recall that this tendon effect is not as important in the
shear test due to tendon slippage (hence the lower bound assumption). Also, the stiffness ratio
seems to particularly affect the shear cracking as demonstrated in Fig. 8-6(b). This may be due
to the more brittle cracking behavior in shear than in pure tension, as suggested by the larger
stress drops in the composite matrix when the loading path is more compressive in nature (see
Fig. 5-6); a higher stiffness ratio may offset this brittleness3 . Accordingly, when the stiffness
ratio is high, RK 30%, the governing mode of cracking changes from shear cracking in the
web to flexure cracking in the bottom flange. One may conclude that this brittleness factor in
shear may be mitigated by a favorable stiffness ratio more than the brittleness in tension.
8.3.2 Effect of Ductility Ratio
Figure 8-7 displays the effect of ductility ratio on the load-deflection behavior of the FHWA tests.
From these load-deflection curves, it appears that increasing the ductility ratio has a negligible
effect on the load carrying capacity while decreasing the ductility ratio has a significant effect
on the load carrying performance of these structures. This may be due to the insignificant
effects that large enhancements in ductility ratio actually have on the stress-strain behavior of
HP2Cb. As shown in Fig. 8-2, an improvement in ductility ratio from RD 10 to RD - 100
has a small effect on the stress-strain behavior (compare to the decrease of ductility ratio from
RD =10 to RD =1).
The effect of changes in ductility ratio RD on the service load limit P, is demonstrated in
Figs. 8-8 and 8-9. The service load results for changes in ductility ratio are summarized in
Table 8.3. As implied by the results in Table 8.3, changes in ductility ratio have little effect
on the FHWA flexure test. As in the case of changes in stiffness ratio, this may be due to the
3 The ductility ratio ky/ft, as established in Section 5.4, remains constant for cracking under any stress state
which induces cracking. In absolute terms, however, the stress drop, which occurs in the composite matrix during
cracking, is larger for more compressive loading paths.
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Figure 8-7: Effect of Ductility Ratio on Normalized Load-Deflection Behavior: (a) Upper Bound
of the FHWA Flexure Beam. Deflection Measured at Beam Midpoint, Deflection Normalized by
SU = 50 cm, Load Normalized by P = -800 kN; (b) Lower Bound of the FHWA Shear Beam.
Deflection Measured at Load Point, Deflection Normalized by S, = 14 mm, Load Normalized
by P = -3400 kN.
265
- -Ductility Ratio= 1
-Ductility Ratio = 10 (HP2Cb)
- - - -Ductility Ratio = 100
1.2
1.0-
0.8
0
-j
0.6
0 0.4-
Ductility Ratio = 1
0.2 - Ductility Ratio = 10 (HP2Cb)
- Ductility Ratio = 100
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8
Normalized Plastic Strain [1]
Figure 8-8: Effect of Ductility Ratio on Normalized Load-Maximum Crack Width Behavior of
Upper Bound of the FHWA Flexure Beam. Cracking e'Mj Measured in Bottom Flange, Strain
Normalized by e = 5 x 10--3, Load Normalized by P, = -800 kN.
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Normalized Load PS/P
Ductility Ratio FHWA Shear FHWA Flexure
RD = 1 0.62 (Web) 0.86
RD = 10 (HP2Cb) 0.87 (Web) 0.9
RD = 100 0.93 (Flange) 0.9
Table 8.3: Normalized Loads at Service Limit for Different Ductility Ratios.
overwhelming tendon effect which diminish flexural cracking in the bottom flange. The ductility
ratio, on the other hand, has a considerable influence on the service load of the FHWA shear
girder, particularly with regard to shear cracking (see Fig. 8-9(b)). As in the case of stiffness
ratios, it appears that increases in ductility ratio have a substantial mitigating effect on the
brittleness of HP2C cracking in shear. For this reason, a larger ductility ratio RD = 100, despite
having a small effect on stress-strain behavior, causes a shift in governing cracking behavior
from shear cracking in the web to flexure cracking in the bottom flange for the FHWA shear
test.
It is interesting to note how a poor ductility ratio induces unstable shear cracking in the
FHWA shear beam. Fig. 8-9(b) shows how at lower ductility ratios RD = 1, the shear cracks
propagate in an unstable manner upon achieving a normalized load of PS/P = 0.62. The
low ductility ratio is characteristic of a strain-softening FRCC. Therefore, while HP2C (in this
case HP2Cb) induces post-cracking hardening at a structural level, a shear beam composed
of poor FRCC would undergo unsafe shear cracking without shear reinforcement. Conversely,
in general, HP2C girders do not require shear reinforcement due to the high ductility ratio
inherent in HP2C.
8.3.3 Effect of Strength Ratio
The effect of the strength ratio Rs on the load-deflection behavior of the FHWA tests is
exhibited in Fig. 8-10. For both FHWA tests, the effect of the strength ratio manifests itself
at higher loads and deflections than the other ductility parameters as the maximum material
strength of HP2C is untapped at lower post-cracking loads. From the load-deflection curves, it
appears that the structural behavior of the flexure test is noticeably improved with an increase
in strength ratio, but is unaffected by a strength ratio reduction. Conversely, the shear girder
shows insignificant structural improvement with an augmentation of the strength ratio, while
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Figure 8-9: Effect of Ductility Ratio on Normalized Load-Maximum Crack Width Behavior
of Lower Bound of the FHWA Shear Beam: (a) Flexure Cracking cmj Measured in Bottom
Flange, Strain Normalized by SP're = 5 x 10', Load Normalized by P = -3400 kN; (b) Shear
Cracking E%, Measured in Web, Strain Normalized by 5oax =  x 104, Load Normalized
by Pu = -3400 kN.
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Ductility Ratio = I
Ductility Ratio = 10 (HP2Cb)
Ductility Ratio = 100
Normalized Service Load P/P
Strength Ratio FHWA Shear FHWA Flexure
7s 1.1 0.85 (Flange) 0.87
7S = 1.5 (HP2Cb) 0.87 (Web) 0.9
Zs = 3.5 0.87 (Web) 1
Table 8.4: Normalized Loads at Service Limit for Different Strength Ratios.
exhibiting poorer load carrying capacity when the strength ratio is decreased.
The sources of the load-deflection behavior for both tests are revealed upon examination of
Figs. 8-11 and 8-12 which plot the normalized loads as a function of the normalized composite
matrix plastic strains. The service load limit results for variations in strength ratio as given
by Figs. 8-11 and 8-12 are listed in Table 8.4. As shown in Fig. 8-11, a drop in strength ratio
induces, as expected, minor changes to the service load limit P, for the FHWA flexure test. This
is most likely due to the tendon effect which makes the drop in strength ratio imperceptible at
a structural level.
Conversely, an increase in the strength ratio has a structural strengthening effect on the
FHWA flexure girder. Disregarding the probability of tendon failure for the moment, Fig. 8-
10(a) implies that an increase in strength ratio can significantly enhance the ultimate capacity
of the flexure girder. However, for a very large increase in the strength ratio (7ZS 1.5 to
IZS = 3.5), there is not a commensurate increase in the service load limit (PS/P = .9 to
P,/Pu = 1). Moreover, it is the service limit, not the ultimate limit, which governs the design
of real world applications. Thus, it appears that the economic cost of achieving higher strength
ratios for HP2Cb may be wasted in prestressing applications with large tendon effects.
For the FHWA shear test, changes in strength ratio have no effect on shear cracking, as
demonstrated in Fig. 8-12(b). As suggested by Fig. 5-1, which shows a typical biaxial strength
domain for cementitious materials, even a sizeable increase in tensile strength will have a small
effect on the shear strength. Accordingly, in the case of the FHWA shear beam, the large
change in strength ratio does not have any bearing on structural shear cracking. On the other
hand, when the strength ratio is reduced, the flexure capacity of the shear girder is diminished
to such a degree that flexural cracks govern the service load limit.
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Figure 8-10: Effect of Strength Ratio on Normalized Load-Deflection Behavior: (a) Upper
Bound of the FHWA Flexure Beam. Deflection Measured at Beam Midpoint, Deflection Nor-
malized by J, = 50 cm, Load Normalized by P = -800 kN; (b) Lower Bound of the FHWA
Shear Beam. Deflection Measured at Load Point, Deflection Normalized by 6, = 14 mm, Load
Normalized by P,, = -3400 kN.
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Figure 8-11: Effect of Strength Ratio on Normalized Load-Maximum Crack Width Behavior of
Upper Bound of the FHWA Flexure Beam. Cracking e'j, Measured in Bottom Flange, Strain
Normalized by eP',e - 5 x 103, Load Normalized by P = -800 kN.
271
Strength Ratio = 1.1
-Strength Ratio = 1.5 (HP2Cb)
- - - -Strength Ratio = 3.5
I I -4 1
1.2
1.0
0.8 -
0.6
0.4 -
0.2 -
0.0
1.2
1.0
0.8
0.6
0.4
0.2
0.0
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.
Normalized Plastic Strain [1]
(a)
x Strength Ratio = 1.1
-Strength Ratio = 1.5 (HP2Cb)
n
U Strength Ratio = 3.5
0.0 0.2 0. 4 0.6 0.8 1
Normalized Plastic Strain [1]
(b)
.0 1.2
6
1.4
Figure 8-12: Effect of Strength Ratio on Normalized Load-Maximum Crack Width Behavior
of Lower Bound of the FHWA Shear Beam: (a) Flexure Cracking e'j6 Measured in Bottom
Flange, Strain Normalized by EP,7e 5 x 10-, Load Normalized by P, = -3400 kN; (b) Shear
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by Pu = -3400 kN.
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8.4 Chapter Summary
The ductility parameter sensitivity analysis outlined in this chapter provides insight into how
HP2C ductility manifests itself at the structural level:
" Changes in stiffness ratio appear to have modest effects on the structural performance
of HP2C flexure and shear girders. However, a large increase in the stiffness ratio may
change the mode of cracking failure in shear girders from shear cracking in the web to
flexural cracking in the bottom flange as shear cracking appears to be especially sensitive
to changes in the stiffness ratio.
" Increases in ductility ratio of HP2Cb will have negligible effects on flexure girders due
to the tendon effect. However, since shear cracking is highly sensitive to changes in the
ductility ratio, the ductility ratio is an important factor in shear girder applications.
" It is the high ductility ratio of HP2C which makes the elimination of the shear stirrups
in HP2C structural applications possible. As shown, a drop in ductility ratio will lead to
unstable shear cracking in the shear girder.
* Increases in strength ratio have positive effects on the performance of the prestressed
girders, but perhaps not in proportion to the cost of attaining these strength gains. In
other words, it appears that in the case of prestressed flexure girders, the prestressing
already masks some of these strength gains. Therefore, possible future improvements
in tensile strength should also be combined with structural designs which exploit these
material advantages.
" In the case of the shear girder, improvements in the strength ratio has little structural ef-
fect as increases in the strength ratio have muted effects on the shear strength. Again, any
improvements to the strength ratio may be squandered for certain structural applications.
More generally, this sensitivity analysis also suggests ways that HP2C can be used more
efficiently. For example, in some cases, the service load limit governed by shear cracking is much
lower than the service load limit governed by flexure cracking. For this case, the prestressing
tendons are wasted as their presence does not improve structural performance. The most
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efficient structural design for exploiting HP2C capacity would be for instances where the service
load limit governed by shear cracking was equivalent to that governed by flexure cracking.
However, this is only one criterion for efficient use of HP2C material advantages, not economic
efficiency of the construction of an HP2C structure.
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Chapter 9
Conclusions
In order to investigate the ductile behavior of HP2C, a comprehensive approach was employed.
This entailed the use of experimental data, theoretical modeling, and computer programming
to investigate the micromechanical, macroscopic, and structural behavior of HP2C.
9.1 Summary
The investigation of HP2C yielded scientific findings regarding the ductility of HP2C, namely
why ductility in HP2C exists and how to exploit ductility at a structural level:
" The study of the fiber pullout models revealed the sources of HP2C ductility at the level
of a single fiber-matrix interaction. By evaluating characteristic length scales in existing
elastic, plastic, and fracture pullout models, HP2C was shown to be a better suited
match of cementitious matrix and reinforcing fibers than typical FRCC materials. In this
way, HP2C materials induce simultaneous activation of dissipative mechanisms in the
composite material including fiber-matrix interface yielding, fiber yielding, and multiple
cracking.
" The micro-to-macro study elucidated how ductile mechanisms at the micromechanical
level exhibit themselves at the macroscopic material level. More specifically, using a ho-
mogenization scheme and fracture mechanics approaches, the main governing microme-
chanical parameters of the macroscopic behavior were clarified. A review of fracture
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models revealed that the post-cracking stiffness is primarily dependent on the initial stiff-
ness and the fiber volume content. The first cracking and the post-cracking strengths
were shown to be functions of the initial flaw size, while the composite yield strength was
shown to be highly dependent on the quality of the fiber-matrix interface (i.e. the fiber
volume content, the fiber aspect ratio, and the interface strength). Therefore, the first
cracking and post-cracking strengths are influenced by size effects while the composite
yield strength is size independent. A combination of the homogenization theory and the
fracture mechanics approaches delivers a rational means for determining the macroscopic
strength and stiffness values from known micromechanical quantities.
9 The two-phase composite model allows one to simulate the material behavior of HP2C
with ten parameters of clear physical importance. This model provides a macroscopic
framework for modeling composite materials in which the fibers and matrix assume dif-
ferent stress states, but transfer stresses through their mutual interface. This interaction
is taken into account by the model through internal rheological stress distribution. Fur-
thermore, the model appropriately captures the different dissipative mechanisms that
occur in HP2C materials during cracking, i.e. brittle cracking in the cementitious matrix
and ductile yielding in the fiber-matrix interface. These separate modes of energy dis-
sipation are related to micromechanical sources to reveal the size independence of their
ratio, referred to as the ductility ratio. The extension of the 1-D model to 3-D permits
application of the model at a structural level. The ductility ratio is shown to be constant
in the 3-D model regardless of the stress state which induces first cracking.
In a study of structural experimental data, the ductility of HP2C was shown to be size
independent. The exploitation of the tensile strength of cementitious materials is of-
ten restricted by the uncertainty regarding their tensile values. However, due to careful
batching and mixing procedures, less dispersive tensile values can be taken into account
in HP2C structures. In addition, by confirming the size independence of the ductility
ratio and the yield strength of HP2C, that is a strength in the sense of strength theories
(not a fracture strength), one may safely apply HP2C ductility in real world structures.
9 The exploration of ductility parameters clarified not only the enhanced structural perfor-
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mance of HP2C structures over standard FRCC structures, but also how possible future
improvements in macroscopic ductility could be exploited for improved structural per-
formance. By setting service limits based on maximum crack widths (which are easily
derived from the two-phase model), service loads were calculated for a large scale gird-
ers with different ductility behaviors. A ductility parameter study elucidated how the
ductility in HP2C enables the elimination of shear stirrups, unlike normal FRCC girders
which would require shear stirrups to avoid brittle cracking behavior. Also, despite some
structural gains for increases in material ductility, it was suggested that for some loading
and prestressing configurations, structural improvements may not be commensurate with
the economic cost of achieving higher material ductility.
Perhaps the most significant scientific contribution is the novel macroscopic two-phase
model. The model accounts for the micromechanical dissipative mechanisms responsible for
the dissipative capacity of HP2C at the material level. In addition, the continuous nature of
the model permits model-based simulation of ductility at a structural scale. Hence, the model
acts as a bridge between two scales: the micromechanical level and the structural level. As a
consequence, by using the two-phase model, one may accurately capture the cracking processes
which occur in large scale engineering applications of this new generation of cementitious ma-
terials. In this way, the HP2C model is the connecting element with which a comprehensive
approach to the FRCC problem is achieved. For example, by changing a single micromechanical
parameter, such as fiber geometry, one can approximate the macroscopic response, and in turn
the structural behavior. Or conversely, one can alter the mix design of an FRCC material to
meet the requirements of a particular structure.
9.2 Industrial Benefits
HP2C is already being applied in real world structures [24]. However, to gain true acceptance
in the global civil engineering industry, safe guidelines and design tools for HP2C are required.
To this end, this thesis furnishes many industrial benefits:
e The micromechanical study of FRCC revealed basic mix design guidelines for FRCC
materials, particularly regarding fiber volume content and fiber geometry.
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" The micro-to-macro predictive scheme presented in this thesis allows one to quantitatively
evaluate how micromechanical changes will affect material behavior. Accordingly, one may
tailor the micromechanical design in order to achieve a desired material response.
" The 1-D and 3-D HP2C simulators were disseminated online to serve as learning tools for
students and engineers.
" The finite element application is a powerful tool for predicting the structural behavior
of HP2C elements. Since the FE application also predicts degree of cracking in HP2C
structures, reasonable service limit states can be set for HP2C structures.
" The finite element program also lends itself to the inverse analysis, that is the determi-
nation of material behavior given a structural behavior, such as load-displacement beam
data.
9.3 Suggestions for Future Research
The study on HP2C size effects outlined the need for accurate values of the first cracking
strength of HP2C, especially in medium and small sized structures. This will require exper-
imental data on self-similar structures across different structural scales. However, the first
cracking strength of large scale structures can evidently be ascertained from a notched tensile
test. Therefore, despite the knowledge gap concerning the size affected first cracking strength
of HP2C, the HP2C model is already well-developed for large scale applications.
Also, one of the strengths of the HP2C model presented in this thesis is its simplicity.
For example, modeling HP2C materials only requires ten material parameters of clear physical
significance. On the other hand, this simplicity limits the domain of application for the 3-D
HP2C model and the finite element implementation. In particular:
* The HP2C model in its present form is unable to capture post-cracking cyclical effects,
such as under earthquake loading. By using loading criteria which can manage separate
"open crack"/"closed crack" states or by designating a special set of post-cracking stress-
strain relations, the cyclical behavior of HP2C can be modeled macroscopically.
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" The HP2C model can be tailored to simulate anisotropy, such as that caused by preferred
orientation of the reinforcing fibers in thin plates. This can be accomplished by employing
anisotropic stress-strain relations and anisotropic strength domains.
" The effects of aging and environmental degradation can still be built into the HP2C model.
In this way, one could investigate how HP2C ductility evolves with time, particularly un-
der harsh environmental conditions. The HP2C model is suited for this upgrade: this can
be accomplished by designating time dependent stress-strain relations and the strength
domains. In addition, the constitutive model relations would have to be discretized spa-
tially and temporally for application into the finite element program.
" The interface between steel rebar or prestressing tendons and HP2C may be more accu-
rately and robustly developed to aid in the optimization of prestressing in HP2C.
These suggestions, however, are just a fraction of the possibilities for not only creating a more
accurate HP2C model, but also encompassing many of the scenarios under which HP2C will
be used. Of course, any additional complication of the model will come at a (perhaps needless)
computational cost; and, as established in this thesis, the HP2C model and FE implementation
already suffices for many HP2C applications.
9.4 Perspectives
HP2C represents a breakthrough for civil engineering materials. Unlike FRCC mat rials of the
past, HP2C possesses such dramatic mechanical improvements that new design philosophies for
HP2C structures are required. For example, new section designs for beams and girders may
be better suited to taking advantage of the tensile and shear capacity of HP2C. There are a
multitude of possible applications for HP2C that have never been considered for conventional
concrete. The findings and design tools presented in this report, particularly the finite element
program, represent powerful tools for investigating these frontiers of concrete design.
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Appendix A
Eshelby Tensors
The Eshelby tensor, first described in Eq. (3.20), is a parameter of the strain concentration ten-
sor A describing a homogeneous material with an ellipsoidal inclusion. The ellipsoidal inclusion
is characterized by dimensions A, B and C:
X2 y 2  z 2
A2 +W2 + 02 = 1 (A.1)
Fiber inclusions can be estimated to prolate spheroids,
geometry:
which are described by the following
B=C=2r <A=Lf (A.2)
where Lf is the length of the fibers and rf is the radius
cracks can be approximated by oblate spheroids, where:
of the fibers. Similarly, penny-shaped
A = B= 2a > C = u (A.3)
where a is the half length of the cracks and u is the crack opening displacement.
Using a compressed notation for 4th order tensors with a normalized tensorial basis, see for
example Helnwein [33], the Eshelby tensor for a single ellipsoidal inclusion with dimensions,
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SEsh is given by [25]:
S 1 2 S13 0 0 0
S2 1 S22 S 23  0 0 0
S3 1 S 32 533 0 0 0
0 0 0 S 44  0 0
0 0 0 0 S55 0
0 0 0 0 0
where the components of the Eshelby tensor are:
S 1 QA 2IAA + RIA;
S21 = QA 2 IAB - RIB;
S31 QA 2 IAc - RIc ;
S1 2 = QB 2IBB - RIA;
S2 2 = QB 2IBB + RIB;
S32= QB 2 IBc + RIc;
S13 = QC 2IAC - RIA;
S23 QC2 IBc - RIB;
S33 = QC 21CC - RIc;( B2 ±02
= 2iQIBC
= 2 QIAC 2( A2 +B 2
= 2 (QIAB A2 + B 2
2
The parameters listed in (A.5) are:
3 = 1 - 2v
87(1-v)' 8-(1-v)
f* dw
= 27rx'y'z' ; IAIx O (X'2 + w) Ix
(A.6)
00  dw
= 27rx'y'z'
Jo (x/2 + w) 2 '
2 + W0dw
= rx'z'JO (X/2 + w ) ( y'2 + W )Ixy 
A = (x' 2 + w)1/ 2 (y12 + W)1/ 2 (z' 2 + W)1/2
where x', y', and z', represent the various permutations of A, B, and C subscripts for the I
parameters.
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SEsh (A.4)
S66 )
(A.5)
S 44
S55
S 66
+RIB+ IC+RIBI)
RIA +IC
+RIA2B)
R IA+ B2R
A
\
A.1 Maple Files for the Eshelby Tensors
Solving the Eshelby tensors requires involved mathematical operations. The Eshelby tensors for
the elastic composite micromechanical model, which consists of randomly oriented fibers in a
homogeneous cementitious matrix, and the cracked composite model, which involves randomly
oriented fibers and cracks in a homogeneous cementitious matrix, were calculated with MAPLE,
a mathematical computer program. The input files for the MAPLE program are presented here.
A.1.1 Maple File for the Elastic Composite Model
> restart:
> with(linalg):
THE MATERIAL PARAMETERS
Em is the matrix stiffness, num is the matrix Poisson's ratio
> Em:=50:num:=0.2:
eta is the ratio of the fiber stiffness to matrix stiffness
rho is the ratio of fiber Poisson's to the matrix Poisson's
> eta:=4:rho:=1.5:
Ef is the fiber stiffness, nuf is the fiber Poisson's ratio
> Ef : =eta*Em: nuf : =rho*num:
omega is the ratio of fiber width to fiber length
> omega:=1/10:
mum is the matrix shear modulus, km is the matrix bulk modulus
> mum:=Em/2/(1+num):km:=Em/3/(1-2*num):conm:=1-conf:
muf is the matrix shear modulus, kf is the matrix bulk modulus
> muf:=factor(Ef/2/(1+nuf)) :kf:=factor(Ef/3/(1-2*nuf)):
II is the identity tensor
> II:=array(identity,1. .6,1. .6):
The J tensor
> J:=matadd(II,II,0,0):
> J[1,1]:=1/3:J[1,2]:=1/3:J[1,3]:=1/3:
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> J[2,1]:=1/3:J[2,2]:=1/3:J[2,3]:=1/3:
> J[3,1]:=1/3:J[3,2]:=1/3:J[3,3]:=1/3:
The K tensor
> K:=matadd(II,J,1,-1):
Cm is the stiffness tensor of the matrix,
Sm is the compliance tensor of the matrix
> Cm:=simplify(matadd(J,K,3*km,2*mum)):Sm:=simplify(inverse(Cm)):
Cf is the stiffness tensor of the matrix
> Cf:=simplify(matadd(J,K,3*kf,2*muf)):
> Chom:=array(symmetric,1..6,1..6):
ul, u2, u3, and u4 are the local basis
> ul:=sin(theta):u2:=cos(theta):u3:=sin(phi):u4:=cos(phi):
> a2:=u3*A2-u4*A3:
> a3:=u4*u2*A2+u3*u2*A3-ul*A1:
> at:=u4*ul*A2+u3*ul*A3+u2*A1:
> simplify(subs(A1=1,A2=1,A3=1,a*a2)):
> b2:=u3*B2-u4*B3:
> b3:=u4*u2*B2+u3*u2*B3-ul*B1:
> bi:=u4*ul*B2+u3*ul*B3+u2*B1:
> c2:=u3*C2-u4*C3:
> c3:=u4*u2*C2+u3*u2*C3-ul*C1:
> ci:=u4*ul*C2+u3*ul*C3+u2*C1:
> d2:=u3*D2-u4*D3:d3:=u4*u2*D2+u3*u2*D3-ul*D1:
> dl:=u4*ul*D2+u3*ul*D3+u2*D1:
a, b, and c are the dimensions of the fiber inclusions
> c:=a*omega:
> omega2:=1/omega:
> b:=c:
> Ib:=2*Pi*(1+omega^2*(1+ln(omega/2))):
> Ic:=Ib:
291
> Ia:=factor(4*Pi-Ib-Ic):
> Iac:=factor((Ic-Ia)/3/a-2/(1-omega^2)):
> Iab:=Iac:
> Ibc:=factor((4*Pi/3/c^2-Iac)/4):
> Icc:=3*Ibc:
> Ibb:=Icc:
> Iaa:=factor(4*Pi/3/a~2-2*Iab):
> Q:=3/8/Pi/(1-num):R:=simplify(1/4/Pi-Q/3):
SS is the Eshelby's tensor
> SS:=matadd(J,K,0,0):
> SS[1,1] :=factor(simplify(Q*a^2*Iaa+R*Ia)):
> SS[1,2]:=factor(Q*b^2*Iab-R*Ia):
> SS[1,3]:=factor(Q*c^2*Iac-R*Ia):
> SS[2,1]:=factor(Q*a^2*Iab-R*Ib):
> SS[2,2]:=factor(Q*b^2*Ibb+R*Ib):
> SS[2,3]:=factor(Q*c^2*Ibc-R*Ib):
> SS[3,1]:=factor(Q*a^2*Iac-R*Ic):
> SS[3,2]:=factor(Q*b^2*Ibc-R*Ic):
> SS[3,3]:=factor(Q*c^2*Icc+R*Ic):
> SS[4,4] :=factor(2*(Q/2*(b^2+c^2)*Ibc+R/2*(Ib+Ic))):
> SS[5,5] :=factor(2*(Q/2*(a^2+c^2)*Iac+R/2*(Ia+Ic))):
> SS[6,6] :=factor(2*(Q/2*(a^2+b^2)*Iab+R/2*(Ia+Ib))):
> Xi:=factor(multiply(Sm,Cf)):
> X2:=inverse(matadd(X,II,1,-)):
> T:=simplify(inverse(matadd(SS,X2,1,1))):
THESE ARE THE GLOBALIZATION OPERATIONS
> T111:=expand(T[1,1]*a*bl*cl*d) :T2222:=expand(T[2,2]*a2*b2*c2*d2):
> T1122:=expand(T[1,2]*a*bl*c2*d2):T2211:=expand(T[2, 1]*a2*b2*ci*dl):
> Ti 33:=expand(T[1,3]*a1*bl*c3*d3):T2233:=expand(T[2,3]*a2*b2*c3*d3):
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T3311:=expand(T[3,1]*a3*b3*cl*dl):T3322:=expand(T[3,2]*a3*b3*c2*d2):
T3333:=expand(T[3,3]*a3*b3*c3*d3):
T2323:=expand(T[4,4]/2*a2*b3*c2*d3):T2332:=expand(T[4,4]/2*a2*b3*c3*d2):
T3223:=expand(T[4,4]/2*a3*b2*c2*d3):T3232:=expand(T[4,4]/2*a3*b2*c3*d2):
T3131:=expand(T[5,5]/2*a3*bl*c3*dl):T3113:=expand(T[5,5]/2*a3*bl*cl*d3):
T1331:=expand(T[5,5]/2*al*b3*c3*dl):T1313:=expand(T[5,5]/2*al*b3*cl*d3):
T1212:=expand(T[6,6]/2*al*b2*cl*d2):T1221:=expand(T[6,6]/2*al*b2*c2*dl):
T2112:=expand(T[6,6]/2*a2*bl*cl*d2):T2121:=expand(T[6,6]/2*a2*bl*c2*dl):
V1111:=int(int(T1111*sin(theta),theta=O.
V1122:=int(int(T1122*sin(theta),theta=O.
V1133:=int(int(T1133*sin(theta),theta=O.
V2211:=int(int(T2211*sin(theta),theta=O.
V2222: =int (int(T2222*sin(theta),theta=O.
V2233: =int (nt (T2233*sin (theta), theta=O.
V3311:=int (nt (T3311*sin(theta),theta=O.
V3322: =int (nt (T3322*sin (theta), theta=O.
V3333: =int (nt (T3333*sin (theta),theta=O.
V2323: =int (nt (T2323*sin (theta), theta=O.
V2332: =int (nt (T2332*sin (theta), theta=O.
V3232:=int(int (T3232*sin(theta),theta=O.
V3223: =int(int(T3223*sin(theta),theta=O.
V1331:=int(int(T1331*sin(theta),theta=O.
V1313:=int(int(T1313*sin(theta),theta=O.
V3131:=int(int(T3131*sin(theta),theta=O.
V3113:=int(int(T3113*sin(theta),theta=O.
V1212:=int(int(T1212*sin(theta),theta=O.
V1221:=int(int(T1221*sin(theta),theta=O.
V2121:=int(int(T2121*sin(theta),theta=O.
V2112:=int(int(T2112*sin(theta) ,theta=O.
.Pi),phi=O.
.Pi),phi=O.
.Pi),phi=O.
.Pi),phi=O.
.Pi),phi=O.
.Pi),phi=O.
.Pi),phi=O.
.Pi),phi=O.
.Pi),phi=O.
.Pi),phi=O.
.Pi),phi=O.
.Pi),phi=O.
.Pi),phi=O.
.Pi),phi=O.
.Pi),phi=O.
.Pi),phi=O.
.Pi),phi=O.
.Pi),phi=O.
.Pi),phi=Q.
.Pi),phi=O.
.Pi),phi=O.
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.2*Pi):
.2*Pi):
.2*Pi):
.2*Pi):
.2*Pi):
.2*Pi):
.2*Pi):
.2*Pi):
.2*Pi):
.2*Pi):
.2*Pi):
.2*Pi):
.2*Pi):
.2*Pi):
.2*Pi):
.2*Pi):
.2*Pi):
.2*Pi):
.2*Pi):
.2*Pi):
.2*Pi):
> TmicroO:=V1111+V1122+V1133+V2211+V2222+V2233+V3311+V3322+V3333:
> Tmicro:=TmicroO+V2323+V2332+V3223+V3232+V3131+V3113+V1331
+V1313+V1212+V1221+V2112+V2121:
> Tmacro:=matadd(II,II,0,0):
> Tmacro[1,1]:=simplify(subs(A1=1,B1=1,C1=1,D1=1,A2=0,B2=0,
C2=0,D2=0,A3=0,B3=0,C3=0,D3=0,T-micro)):
> Tmacro[1,2]:=simplify(subs(A1=1,B1=1,C1=O,D1=O,A2=0,B2=0,
C2=1,D2=1,A3=0,B3=0,C3=0,D3=0,T-micro)):
> Tmacro[1,3]:=simplify(subs(A1=1,B1=1,C1=O,D1=O,A2=0,B2=0,
C2=0,D2=0,A3=0,B3=0,C3=1,D3=1,T-micro)):
> Tmacro[2,1]:=simplify(subs(A1=O,B1=O,C1=1,D1=1,A2=1,B2=1,
C2=0,D2=0,A3=0,B3=0,C3=0,D3=0,T-micro)):
> Tmacro[2,21:=simplify(subs(A1=O,B1=O,C1=O,D1=O,A2=1,B2=1,
C2=1,D2=1,A3=0,B3=0,C3=0,D3=0,T-micro)):
> Tmacro[2,3]:=simplify(subs(A1=0,B1=0,C1=O,D1=O,A2=1,B2=1,
C2=0,D2=0,A3=0,B3=0,C3=1,D3=1,T-micro)):
> Tmacro[3,1]:=simplify(subs(A1=,B1O=,C1=,D11,A2=0,B2=0,
C2=0,D2=0,A3=1,B3=1,C3=0,D3=0,T-micro)):
> Tmacro[3,2] :=simplify(subs(A1=O,B1=0,C1=0,D1=0,A2=0,B2=0,
C2=1,D2=1,A3=1,B3=1,C3=0,D3=0,T-micro)):
> Tmacro[3,3]:=simplify(subs(A1=O,B1=O,C1=O,D1=O,A2=0,B2=0,
C2=0,D2=0,A3=1,B3=1,C3=1,D3=1,T-micro)):
> Tmacro[4,4] :=simplify(subs(A1=O,B1=0,C1=0,D1=0,A2=1,B2=0,
C2=1,D2=O,A3=0,B3=1,C3=0,D3=1,T-micro)+subs(A1=O,B1=O,
C1=O,D1=O,A2=1,B2=0,C2=0,D2=1,A3=0,B3=1,C3=1,D3=0,T-micro)):
> Tmacro[5,5]:=simplify(subs(A1=1,B1=0,C1=1,D1=0,A2=0,B2=0,
C2=0,D2=0,A3=0,B3=1,C3=0,D3=1,T-micro)+subs(A1=1,B1=O,
C1=O,D1=1,A2=0,B2=0,C2=0,D2=0,A3=0,B3=1,C3=1,D3=0,T_micro)):
> Tmacro[6,6]:=simplify(subs(A1=1,B1=0,C1=1,D1=0,A2=0,B2=1,
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C2=0, D2=1, A3=0, B3=0, C3=0,D3=0,Tmicro) +subs (A1=1, B1=0,
C1=0,D1=1,A2=0,B2=1,C2=1,D2=0,A3=0,B3=0,C3=0,D3=0,T_micro)):
conf is the fiber volume content, Chom is the homogenized stiffness matrix
> Chom:=multiply(Cm,matadd(IIT_macro,1,conf/4/Pi)):
Shom is the compliance matrix
> Shom:=inverse(Chom):
1/Shom[1,1] is the Young's modulus of homogenized matrix
This function evaluated the normalized Young's modulus for a given
Fiber volume content conf
> evalf(subs(conf=.03,1/Shom[1,1]/Em));
This is the value:
1.040900824
A.1.2 Maple File for the Cracked Composite Model
> restart:
> with(linalg):
THE MATERIAL PARAMETERS
Em is the matrix stiffness, num is the matrix Poisson's ratio
> Em:=50:num:=1/5:
eta is the ratio of the fiber stiffness to matrix stiffness
rho is the ratio of fiber Poisson's to the matrix Poisson's
> eta:=4:rho:=3/2:
Ef is the fiber stiffness, nuf is the fiber Poisson's ratio
> Ef:=eta*Em:nuf:=rho*num:
Ec is the crack stiffness, nuc is the crack Poisson's ratio
> Ec:=0:nuc:=0:
conf is the fiber volume content
> conf:=0/100:
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omegaf is the ratio of fiber width to fiber length
> omegaf:=1/10:
omega is the ratio of crack width to crack length
> omega:=1/10:
mum is the matrix shear modulus, km is the matrix bulk modulus
> mum:=Em/2/(1+num):km:=Em/3/(1-2*num):fm:=1-conf:
muf is the fiber shear modulus, kf is the fiber bulk modulus
> muf:=factor(Ef/2/(1+nuf)) :kf:=factor(Ef/3/(1-2*nuf)):
muc is the crack shear modulus, kc is the crack bulk modulus
> muc:=factor(Ec/2/(1+nuc)):kc:=factor(Ec/3/(1-2*nuc)):
II is the identity tensor
> II:=array(identity,1..6,1..6):
The J tensor
> J:=matadd(II,II,0,0):
> J[1,1]:=1/3:J[1,2]:=1/3:J[1,3]:=1/3:
> J[2,1]:=1/3:J[2,2]:=1/3:J[2,3]:=1/3:
> J[3,1]:=1/3:J[3,2]:=1/3:J[3,3]:=1/3:
The K tensor
> K:=matadd(II,J,1,-1):
Cm is the stiffness tensor of the matrix,
Sm is the compliance tensor of the matrix
> Cm:=simplify(matadd(J,K,3*km,2*mum)):Sm:=simplify(inverse(Cm)):
Cff is the stiffness tensor of the fiber
> Cff:=simplify(matadd(J,K,3*kf,2*muf)):
Cc is the stiffness tensor of the cracks
> Cc:=simplify(matadd(J,K,3*kc,2*muc)):
Chom is the homogenized tensor
> Chom:=array(symmetric,1..6,1..6):
> Shom:=inverse(Chom):
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ul, u2, u3, and u4 are the local basis
> ul:=sin(theta):u2:=cos(theta):u3:=sin(phi):u4:=cos(phi):
local-to-global frame change (fibers)
> af2:=u3*A2-u4*A3:
> af3:=u4*u2*A2+u3*u2*A3-u1*A1:
> af1:=u4*u1*A2+u3*ul*A3+u2*A1:
> bf2:=u3*B2-u4*B3:
> bf3:=u4*u2*B2+u3*u2*B3-ul*B1:
> bf1:=u4*ul*B2+u3*ul*B3+u2*B1:
> cf2:=u3*C2-u4*C3:
> cf3:=u4*u2*C2+u3*u2*C3-ul*C1:
> cf1:=u4*ul*C2+u3*u1*C3+u2*C1:
> df2:=u3*D2-u4*D3:
> df3:=u4*u2*D2+u3*u2*D3-ul*D1:
> df1:=u4*ul*D2+u3*ul*D3+u2*D1:
local-to-global frame change (cracks)
> al:=u3*A1-u4*A2:
> a2:=u4*u2*A1+u3*u2*A2-ul*A3:
> a3:=u4*ul*A1+u3*ul*A2+u2*A3:
> bi:=u3*B1-u4*B2:
> b2:=u4*u2*B1+u3*u2*B2-ul*B3:
> b3:=u4*ul*B1+u3*ul*B2+u2*B3:
> ci:=u3*C1-u4*C2:
> c2:=u4*u2*Ci+u3*u2*C2-ul*C3:
> c3:=u4*ul*C1+u3*ul*C2+u2*C3:
> dl:=u3*D1-u4*D2:
> d2:=u4*u2*D1+u3*u2*D2-ul*D3:
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> d3:=u4*ul*D1+u3*ul*D2+u2*D3:
Eshelby's coefficients for the fibers
> cf:=af*omegaf:
> omegaf2:=1/omegaf:
> Ibf:=2*Pi*(1+omegaf^2*(1+n(omegaf/2))):
> Icf:=Ibf:
> Iaf:=factor(4*Pi-Ibf-Icf):
> Iacf:=factor((Icf-Iaf)/3/af^2/(1-omegaf^2)):
> Iabf:=Iacf:
> Ibcf:=factor((4*Pi/3/cf-2-Iacf)/4):
> Iccf:=3*Ibcf:
> Ibbf:=Iccf:
> Iaaf:=factor(4*Pi/3/af^2-2*Iabf):
Eshelby's coefficients for the cracks
> c:=a*omega:
> Ia:=Pi*omega*(Pi-4*omega):
> Ib:=Ia:
> Ic:=4*Pi-2*Ia:
> Iac:=(Ic-Ia)/3/a^2/(1-omega^2):
> Ibc:=Iac:
> Iab:=(4*Pi/3/a^2-Iac)/4:
> Iaa:=3*Iab:
> Ibb:=Iaa:
> Icc:=4*Pi/3/c^2-2*Iac:
> Q:=3/8/Pi/(-num):R:=1/4/Pi-Q/3:
Eshelby's tensor for fibers
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> Sf:=matadd(J,K,0,0):
> bf:=cf:
> Sf[1,1] :=factor(Q*af^2*Iaaf+R*Iaf):
> Sf[1,2]:=factor(Q*bf^2*Iabf-R*Iaf):
> Sf[1,3] :=factor(Q*cf^2*Iacf-R*Iaf):
> Sf[2,1] :=factor(Q*af^2*Iabf-R*Ibf):
> Sf[2,2] :=factor(Q*bf^2*Ibbf+R*Ibf):
> Sf[2,3] :=factor(Q*cf^2*Ibcf-R*Ibf):
> Sf[3,1] :=factor(Q*af^2*Iacf-R*Icf):
> Sf[3,2] :=factor(Q*bf^2*Ibcf-R*Icf):
> Sf[3,3] :=factor(Q*cf^2*Iccf+R*Icf):
> Sf[4,4] :=factor(2*(Q/2*(bf^2+cf^2)*Ibcf+R/2*(Ibf+Icf))):
> Sf[5,5] :=factor(2*(Q/2*(af^2+cf^2)*Iacf+R/2*(Iaf+Icf))):
> Sf[6,6] :=factor(2*(Q/2*(af^2+bf^2)*Iabf+R/2*(Iaf+Ibf))):
Eshelby's tensor for cracks
> Sc:=imatadd(J,K,0,0):
> b:=a:
> Sc[1,1] :=factor(simplify(Q*a^2*Iaa+R*Ia)):
> Sc[1,2]:=factor(Q*b^2*Iab-R*Ia):
> Sc[1,3]:=factor(Q*c^2*Iac-R*Ia):
> Sc[2,1] :=factor(Q*a^2*Iab-R*Ib):
> Sc[2,2]:=factor(Q*b^2*Ibb+R*Ib):
> Sc[2,3]:=factor(Q*c^2*Ibc-R*Ib):
> Sc[3,1]:=factor(Q*a^2*Iac-R*Ic):
> Sc[3,2]:=factor(Q*b^2*Ibc-R*Ic):
> Sc[3,3]:=factor(Q*c^2*Icc+R*Ic):
> Sc[4,4] :=factor(2*(Q/2*(b^2+c^2)*Ibc+R/2*(Ib+Ic))):
> Sc[5,5] :=factor(2*(Q/2*(a^2+c^2)*Iac+R/2*(Ia+Ic))):
> Sc[6,6] :=factor(2*(Q/2*(a^2+b^2)*Iab+R/2*(Ia+Ib))):
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THESE ARE THE GLOBALIZATION OPERATIONS
> T1111:=expand(Tf[1,1]*afl*bfl*cfl*dfl):
> T2222:=expand(Tf[2,2]*af2*bf2*cf2*df2):
> T1122:=expand(Tf[1,2]*afl*bfl*cf2*df2):
> T2211:=expand(Tf[2,1]*af2*bf2*cfl*df1):
> T1133:=expand(Tf[1,3]*afl*bfl*cf3*df3):
> T2233:=expand(Tf[2,3]*af2*bf2*cf3*df3):
> T3311:=expand(Tf[3,1]*af3*bf3*cfl*df1):
> T3322:=expand(Tf[3,2]*af3*bf3*cf2*df2):
> T3333:=expand(Tf[3,3]*af3*bf3*cf3*df3):
> T2323:=expand(Tf[4,4]/2*af2*bf3*cf2*df3):
> T2332:=expand(Tf[4,4]/2*af2*bf3*cf3*df2):
> T3223:=expand(Tf[4,4]/2*af3*bf2*cf2*df3):
> T3232:=expand(Tf[4,4]/2*af3*bf2*cf3*df2):
> T3131:=expand(Tf[5,5]/2*af3*bfl*cf3*df1):
> T3113:=expand(Tf[5,5]/2*af3*bfl*cfl*df3):
> T1331:=expand(Tf[5,5]/2*afl*bf3*cf3*df1):
> T1313:=expand(Tf[5,5]/2*afl*bf3*cfl*df3):
> T1212:=expand(Tf[6,6]/2*afl*bf2*cfl*df2):
> T1221:=expand(Tf[6,6]/2*afl*bf2*cf2*dfl):
> T2112:=expand(Tf[6,6]/2*af2*bfl*cfl*df2):
> T2121:=expand(Tf[6,6]/2*af2*bfl*cf2*df1):
coefficients which have to be added to get the macroscopic terms for the cracks
> U1111:=expand(Tc[1,1]*al*bl*cl*dl):U2222:=expand(Tc[2,2]*a2*b2*c2*d2):
> U1122:=expand(Tc[1,2]*al*bl*c2*d2) :U2211:=expand(Tc[2,1]*a2*b2*cl*dl):
> U1133:=expand(Tc[1,3]*al*bl*c3*d3):U2233:=expand(Tc[2,3]*a2*b2*c3*d3):
> U3311:=expand(Tc [3,1] *a3*b3*c1*dl):U3322:=expand(Tc [3,2] *a3*b3*c2*d2):
> U3333:=expand(Tc[3,3]*a3*b3*c3*d3):
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> U2323:=expand(Tc[4,4]/2*a2*b3*c2*d3):U2332:=expand(Tc[4,4]/2*a2*b3*c3*d2):
> U3223:=expand(Tc[4,4]/2*a3*b2*c2*d3):U3232:=expand(Tc[4,4]/2*a3*b2*c3*d2):
> U3131:=expand(Tc[5,5]/2*a3*b*c3*dI):U3113:=expand(Tc[5,5]/2*a3*b1*c1*d3):
> U1331:=expand(Tc[5,5]/2*al*b3*c3*dl):U1313:=expand(Tc[5,5]/2*a1*b3*c1*d3):
> U1212:=expand(Tc[6,6]/2*a1*b2*c1*d2):U1221:=expand(Tc[6,6]/2*a1*b2*c2*d1):
> U2112:=expand(Tc[6,6]/2*a2*bl*cl*d2) :U2121:=expand(Tc[6,6]/2*a2*b1*c2*d1):
integrating of the terms already expressed in the global frame for fibers
> V1111:=int(int(T1111*sin(theta),theta=O. .Pi),phi=O. .2*Pi):
> V1122:=int(int(T1122*sin(theta),theta=O. .Pi),phi=O. .2*Pi):
> V1133:=int(int(T1133*sin(theta),theta=. .Pi),phi=O. .2*Pi):
> V2211:=int(int(T2211*sin(theta),theta=. .Pi),phi=O. .2*Pi):
> V2222:=int (nt (T2222*sin(theta) ,theta=O. .Pi) ,phi=O. .2*Pi):
> V2233:=int(int(T2233*sin(theta),theta=O. .Pi),phi=O. .2*Pi):
> V3311:=int(int(T3311*sin(theta),theta=O. .Pi),phi=O. .2*Pi):
> V3322:=int(int (T3322*sin(theta) ,theta=O. .Pi),phi=O. .2*Pi):
> V3333:=int (int(T3333*sin(theta),theta=O. .Pi),phi=O. .2*Pi):
> V2323:=int(int(T2323*sin(theta),theta=O. .Pi),phi=O. .2*Pi):
> V2332:=int (int(T2332*sin(theta),theta=O. .Pi),phi=O. .2*Pi):
> V3232:=int(int(T3232*sin(theta),theta=O. .Pi),phi=O. .2*Pi):
> V3223: =int(int(T3223*sin(theta) ,theta=O. .Pi) ,phi=O. .2*Pi):
> V1331:=int(int(T1331*sin(theta),theta=O. .Pi),phi=O. .2*Pi):
> V1313:=int(int(T1313*sin(theta),theta=. .Pi),phi=O. .2*Pi):
> V3131:=int(int(T3131*sin(theta),theta=O. .Pi),phi=O. .2*Pi):
> V3113:=int(int(T3113*sin(theta),theta=O. .Pi),phi=O. .2*Pi):
> V1212:=int(int(T1212*sin(theta),theta=O. .Pi) ,phi=O. .2*Pi):
> V1221:=int(int(T1221*sin(theta),theta=O. .Pi),phi=O. .2*Pi):
> V2121:=int(int(T2121*sin(theta),theta=O. .Pi),phi=O. .2*Pi):
> V2112:=int(int(T2112*sin(theta),theta=O. .Pi),phi=O. .2*Pi):
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> TfmicroO:=V1111+V1122+V1133+V2211+V2222+V2233+V3311+V3322+V3333:
> Tfmicro:=TfmicroO+V2323+V2332+V3223+V3232+V3131+
V3113+V1331+V1313+V1212+V1221+V2112+V2121:
> Tf_macro:=matadd(II,II,0,0):
> Tfmacro[1,1] :=simplify(subs(A1=1,B1=1,C1=1,D1=1,A2=0,B2=0,
C2=0,D2=0,A3=0,B3=0,C3=0,D3=0,Tf-micro)):
> Tfmacro[1,2] :=simplify(subs(A1=1,B1=1,C1=0,D1=0,A2=0,B2=0,
C2=1,D2=1,A3=0,B3=0,C3=0,D3=0,Tf-micro)):
> Tfmacro[1,3] :=simplify(subs(A1=1,B1=1,C1=O,D1=O,A2=0,B2=0,
C2=0,D2=0,A3=0,B3=0,C3=1,D3=1,Tf-micro)):
> Tfmacro[2,1] :=simplify(subs(A1=O,B1=0,C1=1,D1=1,A2=1,B2=1,
C2=0,D2=0,A3=0,B3=0,C3=0,D3=0,Tf-micro)):
> Tfmacro[2,2] :=simplify(subs(A1=O,B1=0,C1=0,D1=0,A2=1,B2=1,
C2=1,D2=1,A3=0,B3=0,C3=0,D3=0,Tf-micro)):
> Tfmacro[2,3] :=simplify(subs(A1=O,B1=0,C1=0,D1=0,A2=1,B2=1,
C2=0,D2=0,A3=0,B3=0,C3=1,D3=1,Tf-micro)):
> Tfmacro[3,1] :=simplify(subs(A1=O,B1=0,C1=1,D1=1,A2=0,B2=0,
C2=0,D2=0,A3=1,B3=1,C3=0,D3=0,Tf-micro)):
> Tfmacro[3,2] :=simplify(subs(A1=O,B1=0,C1=0,D1=0,A2=0,B2=0,
C2=1,D2=1,A3=1,B3=1,C3=0,D3=0,Tf-micro)):
> Tfmacro[3,3] :=simplify(subs(A1=O,B1=0,C1=0,D1=O,A2=0,B2=0,
C2=0,D2=0,A3=1,B3=1,C3=1,D3=1,Tf-micro)):
> Tfmacro[4,4] :=simplify(subs(A1=O,B1=0,C1=0,D1=0,A2=1,B2=0,
C2=1,D2=0,A3=0,B3=1,C3=0,D3=1,Tf-micro)+subs(A1=O,B1=O,C1=O,
D1=O,A2=1,B2=0,C2=0,D2=1,A3=0,B3=1,C3=1,D3=0,Tf-micro)):
> Tfmacro[5,5J :=simplify(subs(A1=1,B1=0,C1=1,D1=0,A2=0,B2=0,
C2=0,D2=0,A3=0,B3=1,C3=0,D3=1,Tftmicro)+subs(A1=1,B1=O,C1=O,
D1=1,A2=0,B2=0,C2=,D2=0,A3=0,B3=1,C3=1,D3=0,Tfmicro)):
> Tfmacro[6,6]:=simplify(subs(A1=1,B1=0,C1=1,D1=0,A2=0,B2=1,
C2=0,D2=1,A3=0,B3=0,C3=0,D3=0,Tf 
-micro)+subs(A1=1,B1=O,C1=O,
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D1=1,A2=0,B2=1,C2=1,D2=0,A3=0,B3=0,C3=0,D3=0,Tfmicro)):
Integrating of the terms already expressed in the global frame for cracks
> W1111:=int(int(U1111*sin(theta) ,theta=O. .Pi) ,phi=O. .2*Pi):
> W1122:=int(int(U1122*sin(theta),theta=O. .Pi),phi=O. .2*Pi):
> W1133:=int(int(U1133*sin(theta),theta=O. .Pi),phi=O. .2*Pi):
> W2211:=int(int(U2211*sin(theta),theta=O. .Pi),phi=O. .2*Pi):
> W2222:=int(int(U2222*sin(theta),theta=O. .Pi),phi=O. .2*Pi):
> W2233:=int(int(U2233*sin(theta),theta=O. .Pi),phi=O. .2*Pi):
> W3311:=int(int(U3311*sin(theta),theta=O. .Pi),phi=O. .2*Pi):
> W3322:=int(int (U3322*sin(theta),theta=O. .Pi),phi=O. .2*Pi):
> W3333:=int (int(U3333*sin(theta),theta=O. .Pi),phi=0. .2*Pi):
> W2323:=int(int(U2323*sin(theta),theta=O. Pi),phi=O. .2*Pi):
> W2332:=int(int(U2332*sin(theta) ,theta=O. .Pi),phi=O..2*Pi):
> W3232:=int(int(U3232*sin(theta) ,thetaO. .Pi),phi=O. .2*Pi):
> W3223: =int (nt (U3223*sin (theta),theta=O. .Pi),phi=O. .2*Pi):
> W1331:=int(int(U1331*sin(theta),theta=O. .Pi),phi=O. .2*Pi):
> W1313:=int(int(U1313*sin(theta),theta=O. .Pi),phi=O. .2*Pi):
> W3131:=int(int(U3131*sin(theta),theta=O. .Pi),phi=O. .2*Pi):
> W3113:=int(int(U3113*sin(theta),theta=O. .Pi),phi=O. .2*Pi):
> W1212:=int(int(U1212*sin(theta),theta=O. .Pi),phi=O. .2*Pi):
> W1221:=int(int(U1221*sin(theta),theta=O. .Pi),phi=O. .2*Pi):
> W2121:=int(int(U2121*sin(theta),theta=O. .Pi),phi=O. .2*Pi):
> W2112:=int(int(U2112*sin(theta) ,theta=O. .Pi),phi=O. .2*Pi):
> TcmicroO:=W1111+W1122+W1133+W2211+W2222+W2233+W3311+W3322+W3333:
> Tcmicro:=TcmicroO+W2323+W2332+W3223+W3232+W3131+W3113+
W1331+W1313+W1212+W1221+W2112+W2121:
> Tcmacro:=matadd(II,II,0,0):
> Tc-macro[1,1] :=simplify(subs(A1=1,B1=1,C1=1,D1=1,A2=0,B2=0,
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C2=0,D2=0,A3=0,B3=0,C3=0,D3=0,Tc-micro)):
> Tc-macro[1,2]:=simplify(subs(Al=1,B1=1,C1=O,D1=O,A2=0,B2=0,
C2=1,D2=1,A3=0,B3=0,C3=0,D3=0,Tc-micro)):
> Tcmacro[1,3]:=simplify(subs(A1=1,B1=1,C1=O,D1=O,A2=0,B2=0,
C2=0,D2=0,A3=0,B3=0,C3=1,D3=1,Tc-micro)):
> Tcmacro[2,1]:=simplify(subs(A1=O,B1=O,C1=1,D1=1,A2=1,B2=1,
C2=0,D2=0,A3=0,B3=0,C3=0,D3=0,Tc-micro)):
> Tcmacro[2,2]:=simplify(subs(A1=O,B1=O,C1=O,D1=O,A2=1,B2=1,
C2=1,D2=1,A3=0,B3=0,C3=0,D3=0,Tc-micro)):
> Tcmacro[2,3]:=simplify(subs(A1=O,B1=O,C1=O,D1=O,A2=1,B2=1,
C2=0,D2=0,A3=0,B3=0,C3=1,D3=1,Tc-micro)):
> Tcmacro[3,1]:=simplify(subs(A1=O,B1=O,C1=1,D1=1,A2=0,B2=0,
C2=0,D2=0,A3=1,B3=1,C3=0,D3=0,Tc-micro)):
> Tcmacro[3,2]:=simplify(subs(A1=O,B1=O,C1=O,D1=O,A2=0,B2=0,
C2=1,D2=1,A3=1,B3=1,C3=0,D3=0,Tc-micro)):
> Tcmacro[3,3]:=simplify(subs(A1=O,B1=O,C1=O,D1=O,A2=0,B2=0,
C2=0,D2=0,A3=1,B3=1,C3=1,D3=1,Tc-micro)):
> Tcmacro[4,4]:=simplify(subs(A1=O,B1=O,C1=O,D1=O,A2=1,B2=0,
C2=1,D2=0,A3=0,B3=1,C3=0,D3=1,Tc.micro)+subs(A1=O,B1=O,C1=O,
D1=O,A2=1,B2=0,C2=0,D2=1,A3=0,B3=1,C3=1,D3=0,Tc-micro)):
> Tcmacro[5,5]:=simplify(subs(A1=1,B1=O,C1=1,D1=O,A2=0,B2=0,
C2=0,D2=0,A3=0,B3=1,C3=0,D3=1,Tc-micro)+subs(A1=1,B1=O,C1=O,
D1=1,A2=0,B2=0,C2=O,D2=0,A3=0,B3=1,C3=1,D3=0,Tcmicro)):
> Tc-macro[6,6] :=simplify(subs(A1=1,B1=0,C1=1,D1=0,A2=0,B2=1,
C2=0,D2=1,A3=0,B3=0,C3=0,D3=0,Tc-micro)+subs(A1=1,B1=O,C1=O,
D1=1,A2=0,B2=1,C2=1,D2=0,A3=0,B3=0,C3=0,D3=0,Tc-micro)):
> Xlf:=factor(multiply(Sm,Cff)):
> X2f:=factor(inverse(matadd(Xlf,II,1,-1))):
> Tf:=factor(inverse(matadd(Sf,X2f,1,1))):
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> Xlc:=factor(multiply(Sm,Cc)):
> X2c:=factor(inverse(matadd(X1c,II,1,-1))):
> Tc:=factor(inverse(matadd(II,multiply(Sc,X2c) ,1,1))):
conc if the crack volume content
> Chom:=multiply(Cm,matadd(II,matadd(Tf-macro,Tc-macro,conf/4/Pi,
-conc/4/Pi) ,1,1)):
This function evaluated the normalized Young's modulus for a given
crack volume content conc
> evalf(subs(conc=.0009,1/Shom[1,1]/Em));
This is the value
0.9952129574
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Appendix B
Plastic Projection Schemes
The plasticity in the composite matrix and composite fiber, first described by (5.48) and (5.49),
can be represented in discretized form by the sum of the plasticity multipliers applied in the
direction of the plastic flow:
Aep = AA TC1+ ± AA\N cUN + nM) + AA B nM) (B.1)
APF TC A P aP1 + nF) (B.2)
where nm = sM/|sM| is the normalized deviator matrix of the composite matrix and nF
SF/ISFI is the normalized deviator matrix of the composite fiber.
The yield conditions used in the TC conditions are related to the first stress invariants of the
composite matrix and the composite fiber, I1,M and I1,F, as given by (5.26). Any incremental
changes in the plastic strains affect the first stress invariants according to:
,pdate =- a - 3 (Km + MV) tr (AeM) + 3Mvtr (AeP) (B.3)
-update al - 3 (KF + MV) tr (AEP) + 3Mvtr (AEPM) (B.4)
Substitution of (B.1) into (B.3) and (B.2) into (B.4) shows the relationship between the first
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stress invariants and the incremental plastic multipliers:
Iupdate trial - 9 (KM + M) (ATC UN AUN BI ABI (B.5)1,M 'M )V "M + ML/M + MLAM)
+ 9MV (A TC + P DP
Ijaate a 9 (KF + MV) ( A TiC + aDP AADP) (B.6)
+ 9MV (AA TC + UNAAUN ± BI AABI
As shown in (5.27), the DP conditions, in addition to the first stress invariant, are related
to the stress deviators in the composite matrix and composite fiber, sM and SF, which are
manipulated by changes in the incremental plastic strains:
s update = strial - 2 (Gm + Md AE J + 2MdAE1F (B.7)
s update strial - 2 GF + Md Acp + 2MdAEP (B.8)
Rewritten in terms of the incremental plastic intensity multipliers, (B.7) and (B.8) read:
s update s rial -2 (Gm + Md") (AAUN + AABI) update (B.9)M MM AM) ~M
+ 2Md (AADP) update
sFpdate ial - 2 (GF + Md) (A AP) n update (B.10)
+ 2Md (AA UN + BI update
B.1 Triaxial Loading
The simplest loading case for the 3-D HP2C model is when the strains in all three directions (X,
Y, and Z) are fixed at known values. The plastic projection scheme is then needed to provide
values for the plastic multipliers. In some cases, only one plastic multiplier is needed, as in
the case when only one loading condition is violated. There remains, however, the possibility
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when four plastic multipliers are needed from the plastic projection algorithm, which requires
the resolution of four equations with four unknowns, the plastic multipliers. The simplest cases
are investigated first.
B.1.1 Projection Scheme for the Tension Cut-Off Condition
The projection algorithm for the composite matrix TC is straightforward. Since only the plastic
multiplier for the matrix TC is active AATJC # 0, (B.5) and (5.35) can be combined in this way:
trial cr
AATO 'IM ~Mt (B.11)
9 (Km + M)
The solution for AATyC is a function of the cracked matrix TC condition (5.35) since, by def-
inition, any plastic correction in the composite matrix occurs while the matrix is cracked.
Similarly, the solution for the composite fiber TC condition is:
itrial -OF
-C IT ,F ~Ft (B.12)
9 (KF + Mv)
B.1.2 Projection Scheme for the Drucker-Prager Condition
For any DP corrections made only in the composite matrix, fjUN or fIB, the direction of plastic
flow is the same as the direction of the trial stress state [75]:
uupdate
nud = M (B.13)
supdate
M
This allows (B.9) to be written in scalar terms:
s5 ud" I = Isy" - 2 (Gm + Md) (AAUN IA ) (B.14)
And DP corrections in the fiber give the following expressions for n7 pdate and s update
update
nuPdate F (B.15)
F update
sF
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s update iaI - 2 (CF + Md) ) (B.16)
The substitution of (B.14) and (B.5) into (5.36) provides the expression for a plastic correction
according to the matrix uniaxial DP only condition:
AUN irial + Istrial I UN,cr
AA __N M 1,M M CM (B. 17)
2 (GM + Md) + 9 (aUN) 2 (KM + Mv)
The solution for AABI reads for the matrix biaxial DP only condition:
a BI=trial + ±strial - CBI,crBI aM IM M M (.8
2(GM + Md) +9 (aBI)2 (KM + Mv)
The fiber DP only condition yields:
PFtrial + striall - CDPDP _ 1,F F F (B. 19)
2(F + Md) +9 (aDPj2 (KF + Mv)
B.1.3 Multisurface Projection Schemes
The plastic projections presented so far have only been shown for single surface projections.
However, a particular macroscopic stress state may require simultaneous corrections. This may
include simultaneous plasticity in the composite fiber and the composite matrix, i.e. multiphase
plasticity, or simultaneous corrections for multiple loading conditions in the same component,
corner region plasticity. Moreover, a particular stress state may consist of multiphase and
corner region plasticity at the same time. Multisurface projections usually involve a linear
system of equations, representing the loading functions, with an equal number of unknowns,
the plastic multipliers. Therefore, most plastic projection can be performed by solving the
incremental plastic multipliers (AATCA UNI A A I C DP) given by one or more
applicable equations listed here:
f I : i -9 (KM + MV) (ATC + aUN AAUN + OBI AA)BI (B.20)
+ 9MV (AA TC + DP ADP _
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fTC Ial 9(KF + Mv) (AA i0 + ZDP) (B.21)
+ 9MV (A AM + NAAN + a BAAM) - (Ft - 0
fUN . UNltrial - 9aUN (KM + MV) (AATC + aUNAAUN + aBI BI)
+ 9aUNMV (DATC _ P DP trial
+ 9aBM" (AAFC + a DPF ) +Ialm
- 2 (Gm + Md) (AAUN B - CUN,cr
ff : -al BjI- (KM + MV) (AATC aUNAAUN ) (B.24)
+ 9aIMMV (AA C + aDP N + S trial
-2 Gm + Md) (AAcN AAB) - C=Icr 0
f Dp aDPitrial - gD C+aP DfP OF 1,F F (KF + MV) (AATC + a AADP (B.24)
+ 9aDPM (AATC + aUNAAUN + a/z\AAM) + tIalF
- 2(G++Md) (A4?P)_ CDP =
where (B.20) - (B.24) represents the post-cracking yield surfaces, (5.35) - (5.37), (5.40), and
(5.41).
There is however one case in which the equations given by (B.22), (B.23), and (B.24)
are invalid: when there is simultaneous DP plasticity in both the composite matrix and the
composite fiber. When the direction of the deviatoric stresses in the composite matrix and the
composite fiber are identical, nF"a = nial, (B.9) and (B.10) can be expressed in scalar terms,
making the simultaneous plastic correction of a fiber DP conditions and matrix DP conditions
straightforward. However, this is often not the case, nma , nri'at. For this case, (B.22),
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(B.23), and (B.24) are rewritten:
UN aUNtriMl 9 UN (KM + MV) (AATC + UNAAUN + BIAABI) (B.25)
+ Nm T ( OA FC DPAADP trial u pdPq ate,q± FaNM F S +AMAA9a +a )F +I IF M F F
- 2 (Gm + Md) (AAN + AAB UN,cr
fMIl aBlra _BI (KM + Mv ) ( AATC + UNA UN BI xB B.
-mIM m a TO UNamN m~A~) (B.26)
BIm A TC DP AADP s trial + 2MdDP'q update,q
+ 9caMv(AAaF F +ImF n
(Gm + M AUN + BI) CBI,cr 
=
fFP : a ?I - 9caDP (KF + MV) (AATC FD (B.27)
+ 9aDPMV (AATC + aN UN aBI AABI
+ Strial + 2Md (AAUN,q + AABI,q 9update,q
- 2 (GF + Md) (AP)c DP = 0
where the solutions of these equations will require a number of iterations q. For the first
iteration, q = 0:
n updateq=O n trial nupdate,q=O - n trialm m F F(B.28)
AAUN,q=- _ BI,q=0 _ D= = 0 (B.29)
After performing one or multiple iterations, there will be new values for the DP plastic multi-
, AA UMN,q and FDP,q which will give new values for nu7ate'' and nFpdateq
update,q strial + 2Md A DPqnpdate,q
_m - F ~F (B30
strial + 2MdADPq update,q
update,q _ trial + 2Md UN,q UN,q) update,q
Ftrial + 2Md (UNN + N,q) update,q
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Iteration should continue until some measure of convergence is achieved, for example:
nupdate n updateq- 1 + update,q - nupdate,q-1 < TOLM A ± I F ~F O (B.31)
where TOL is a very small number.
In summary, all plastic projections can be performed with a system of nonlinear equations
(B.20), (B.23), (B.24), (B.26), and (B.27), requiring a iterative scheme (B.28) - (B.31), provid-
ing the plastic multipliers and, consequently, the incremental plastic strains, (B.1) and (B.2).
Rewritten in matrix form, the nonlinear equations are:
UNijtrial
a 1,. +
trial
sM
Itrial - orcr'M ~Mt
1,F
+ 2 MadADPq update,q
+ 2Md 'Fpdate,q
aPtrial + s trial + 2Md (A UN,q + AABI,q)\ update,qF 11F TIF + \M "M}M I
where A is a 5 x 5 symmetric matrix with the following elements:
= 9aI (KM + MV);
- 9aUNMv;
=[9 (aUN)2 (Km ++2 (Gm + MdN
A 12 = -9Mv;
A 15 =9aDMV;
A 24 =-9aBImv;
jV)1; 
A 3 4 =
= 9aUN aDPMv;
= -9a FBI PMV;
A13  9aUN (K + Mv);
A 2 2 = 9 (KF + Mv);
A25 = 9aFDP (KF + MV);
9aUN aBI (KM + MV)
+2 (Gm + Md)
A 44 =
A 5 5 =
9(,BI) 2(KM +MV)
+2 (GM + Md)
9 (eDP) 2 (KF + MV)
+2 (GF + Md)
I
I
312
A,\TCM
AA TCF
A,\UNM
AA BI
AA DPF
UN,c?
CM
CBI,crCM
Al = 9 (Km + Mv);
- CF
(B.32)
A 14
A 23
A 33
A35
A 45
(B.33)
B.2 Uniaxial Loading
In Section 5.3, the 3-D HP2C model was calibrated to the 1-D HP2C model. In this section,
the uniaxial conditions (5.51) - (5.53) are rewritten in discretized form for application in the
3-D return mapping algorithm (see Section 6.3). The return mapping algorithm for the uniaxial
loading case is very similar to the method for the triaxial case. However, unlike the triaxial
case where all the macroscopic strains are defined, the uniaxial case only has one strain prede-
termined, er. Therefore, the 3-D strain increment for the uniaxial case is in actuality a trial
strain increment Aetral, subject to change. The trial transverse strains are set according to
any elastic Poisson's effects:
A7L1Z = AE]"1 = -VMAEXX (B.34)
resulting in a trial strain increment:
,A"trial l0 i 0 (B.35)
zz
which will set the trial transverse strains to zero, EItral = Erial = 0. Instead of using Eq.
(6.19) for the uniaxial return mapping algorithm, which uses a known strain state, the uniaxial
method uses the trial strain state to calculate the trial stresses:
trni = o, + 2GMAEtil + KMtr yAKtia) 1 (B.36)
trial - FEtrial + trn±1
aFn±1 = OFn + 2GFIAkEn + KF tr a 1
If, however, the trial stresses require a plastic correction, most likely the transverse strains will
not equal the trial transverse strains. Therefore, in addition to finding the plastic multipliers,
the uniaxial return mapping algorithm is also required to find the updated macroscopic strain
based on Aeproj, the correction in transverse strains dictated by the plastic projection:
AE = AEtrial + Ae"i02 (B.37)
313
where
0 0 0
AE0 Aeg 0 3  0 (B.38)
0 0 AEt J
Assuming the updated plastic strains, AeP and Aey, and the transverse strain correction are
known, the updated component stresses are:
aupdate - 1 trial pr j 3r j
Monl M =o +1+ 2GMAcE+, + KMtr (Ae +" 1 (B.39)
2(GM + Md)AEP + MdAE +M~n+1 F,ri±1
+ [-(Km + Mv)trAEP ,+ 1 + MvtrEP ] 1;
update 0 trial I + 2F pr + KF (r AEi' 1UF,n+1 UFn+1 +n+ 1Fr 6 n±1
-2(GF + Md)AEP + MdEn +F,n±1 M,n+1
+ [-(KF + Mv)trAePFn+l + MvtrAeP± 1
In terms of the 3-D return mapping algorithm, (B.39) replaces the expression given by (6.27).
B.2.1 Multisurface Projection Schemes for Uniaxial Loading
For this extra unknown, Az"" (= Aeg"3), an additional equation is supplied, ensuring the
zero stress condition in the transverse directions:
Ezz = (Gm + GF) +2 (KM + KF) AE'7i - 2GM (A AUN + AA BI) nM,zz (B.40)
- 2GF ( nFzz - 3KM (AA TC - UN AAUN ± BI AABI
-- 3KF (Cei F + PLDP) = (Gm + GF) - (KM + KF) exx
where the expression for Ezz is derived from (5.21) - (5.23). The loading conditions in Eqs.
(B.20) - (B.22), (B.26), and (B.27) are rewritten to account for the sepz"i strain:
f1C : j + 6KMA 0Efzi (B.41)
- 9 (KM + MV) (AATC + CN AAUN + aBI AABI
+ 9MV (A Tc + DP ADP o 0
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fTC + jrpfol - 9 (KF + mv) ( AAC + DP (B.42)
+ 9Mv (AATC + a UNAAUN + a BAAI Ft
fMN . UNitril UNKA&P"i (B.43)
- 9 aUN (K+ Mv) (ATC + UNAAUN + aBI ABI
+9aUNMv (AATC + aP DP) + tral 2MdADP
- 2 (G + Md) (AAUN + AABI - U =0
f BI a BIitria + 6a BIKMAE projJM BI' m " (B.44)
90BI (K+ M )(AATC + aUN UN +aBI BI
±9jM (m~ + I ±v (AaI + 2AM M AAP
+ BIm (AvC _+TP DPA tial DMP'DP
-2(G, + Md ( AAUN + A BI) CBI,cr=
F aF 1, +6aF KF +a" (B.45)
-9aDP (KF + Mv ) ( TC _DP x DP
+ amv ATC UN UN _yBI BI trial+ 9 DPM (AATC +a aAAUN + amjzAM) + tIalF
+ 2Md (AAUN,q + 2 (GF + Md) ) D=P
Using Eqs. (B.40) - (B.45), one can derive the macroscopic strain correction Ae-9Y~ = AE- ,
the incremental plastic multipliers, and as a consequence the plastic strains, Ae P and AePF
Unlike the triaxial scheme, the uniaxial loading scheme does not require any iterations for any
of the possible loading scenarios, as nM = nF, dictated by uniaxial loading:
Vfr[ -3 10 0
nM = nF = 0 - V/ /- 0 (B.46)
0 0 - V /3
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Equations (B.40) - (B.45) are re-expressed in matrix form:
AA TC jtmal - 0 c
AAFC r jal - (.7
UN ZUN trial + strial U N,cr
> [A]-' < -I' M, +|M-c (B.47)
AA BI 01BI itr i+ Stial _BI,cr
de? [{ (GM + GF ) - 2 (Km + KF)]
where A is a 6 x 6 unsymmetric matrix with the same symmetric matrix elements described
by Eq. (B.33) and the following new elements:
A 16 = A 61 = -6KM; A 26 = A 62 = -6KF; A 3 6 = -6ceNKm l; (B.48)
A 46 = -6B Km; A56 = -6aCeKF
A63 = - ( AKM + 4GUMnM,zz); A 64 = - (6aKM + 4 GMnM,zz);
A 64  = (6aPKF + 4GFnFzz); A 66 = (Gm + GF) +4 (Km + KF)
B.3 Plane Stress Loading
Many structures, such as beams or shear walls, are modeled by the plane stress condition, where
one dimension is unloaded or unrestrained. In this way, a plane stress solution is important
for finite element simulations of real world applications. The plane stress solution involves
three known strain quantities, the normal and shear strains in the loaded plane, X - Y, which
can produce nonzero stresses in the loaded plane, o,,, cry, UYY, and a zero-stress condition in
the transverse plane, Z. Like the uniaxial return mapping algorithm, the plane stress method
involves an unknown strain quantity, the strain in the free stress direction, which for the trial
loading phase is:
dEfZ a = -VM (Acz + A6YY) (B.49)
I - VM
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resulting in a trial strain increment:
AEXX AEXY 0
Aetral AEXY AeYY 0 (B.50)
0 0 AetzI
which will fix the trial macroscopic stress in the free direction to zero, Etgal = 0. For the plane
stress return mapping algorithm, the trial stresses are solved using Eq. (B.50), not Eq. (6.19).
The macroscopic strain correction AeroI (see Eq. (B.37)) for the plane stress case consists of
only one value, the Z-strain correction Ae 0 3 :
0 0 0
Ae.i = 0 0 0 (B.51)
0 0 AenoJ
After solving for the plastic strains and the macroscopic strain correction, the updated stresses
for the plane stress return mapping algorithm can be solved by Eq. (B.39), replacing the
expression given by (6.27) of the triaxial return mapping algorithm.
B.3.1 Multisurface Projection Schemes for Plane Stress Loading
The plane stress projection scheme involves an extra unknown, AeP0 3 , and an extra equation,
derived from Eqs. (5.21) - (5.23), which represents the zero stress condition in the Z-direction:
IZZ = (Gm + GF) + (KM + KF) Ae' i - 2GM (AAUN + BI update,q (B.52)
-- 
2 GF ( n pdate,q _ 3KM (AAT + ,UNAAUN + aBIABI
- 3KF(ATC DPAADP) [ (GM + GF) - (KM + KF) (Aexx + Aeyy)
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and the loading conditions in Eqs. (B.20) - (B.22), (B.26), and (B.27) are rewritten to account
for the AdEZ strain:
fAC :il + 3KMAdE~ (B.53)
- 9 (Km + MV) (AA 0 + aUN AAUN + cB'AA BI
+ 9MV (AATC + P AADP (T= 0
fFT :1 + 3KFAEProj - 9 (KF + MV) (AA +C a PAP) (B.54)
+ 9MV (AATC + UNAAUN BI ) -Ft 0
f UN a aNItriI + 3aUNKMA&pro 9a7M" (A0  D D) (B.55)
TCK U~N UN BI BI
-9aUN (Km + MV) (ATC + a+ a AB
+ strial + 2Gm Aproj,q + 2MdAADPq update,q
f MM I B~til BKAp + FaIv T D, P
- 2 G +M(=0yNB~
amDP+ 3 KM 9a (KMF + ) (+ (B.56)
+ 9BI (KM + Mv) (AAT' + aUNAAUN +
+ Strial + 2GmA~pro,q+
+ 9aeDPMV (AATC + aUN AUN + aB/AABI
+ strial + 2GF .Pr'oi,q + 2Md ( UAU N,q + BI,q update,q
- 2 (GF+Md) DP) - M AP = 0
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From Eqs. (B.52) - (B.57), one is able to calculate the macroscopic strains and the plastic
strains. These equations may require a number of iterations q. For the first iteration, q = 0,
UN,q= BI,q= DPq=O update,q=O and n update,q=O are the same as in (B.30) and
(B.31). And the initial Z-strain correction can be set to zero, AeProi :=O - 0. The iterations for
the plane stress case follow the format of the triaxial case, discussed in Section B.1. Condensed
into matrix form, Equations (B.52) - (B.57) are:
A TC
ATC
UNAAMjJ
BI
AADPF
AFoj
> [A1 <
Ttrial cr
'1,M UMt
T trialI,F_ UFt
Strial + 2GmA~proj*,q+
UNjtrial SM + 2G M 'os-+ UN,crGM 1',M + 2MdAA D'' n Fpdate,q CM
F F
aeBlimltrial + Ic
M I'M 2M dAADP,q nupdate,q
F F
trial + 2GFpro q+
DPjtrial I F - CDP
'F 1,F 2Md A AUN,q + AA BI,q nupdate,q F
(2 (GM + GF) - (KM +KF)) (AExx +A$y) +
2GM (AA MN + BI )update,q + 2 GF(AA DP ) nupdate,q Ii
(B.58)
where A is a 6 x 6 symmetric matrix described by Eq. (B.33), with six additional symmetric
elements:
= -3KM; A 26
= -3aCDKF;
= -3KF; A3 6 = -S3eUNKM;
A6 6 = 4 (GM + GF) + (KM13
A4 6 = -3BIKM;
+ KF)]
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A 1 6
A5 6
(B.59)
(No4)
